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PREFACE TO THE FIRST ENGLISH EDITION 


‘The present volume of our Theoretical Physics deals with the theory of 
elasticity. 

Being written by physicists, and primarily for physicists, it naturally 
includes not only the ordinary theory of the deformation of solids, but also 
some topics not usually found in textbooks on the subject, such as thermal 
conduction and viscosity in solids, and various problems in the theory of 
elastic vibrations and waves. On the other hand, we have discussed only 
very briefly certain special matters, such as complex mathematical methods 
in the theory of elasticity and the theory of shells, which are outside the scope 
of this book. 

Our thanks are due to Dr. Sykes and Dr. Reid for their excellent trans- 
lation of the book. 

Moscow L, D. LANDau 
E. M. Lirsnirz 


PREFACE TO THE SECOND ENGLISH EDITION 


Ae WELL as some minor corrections and additions, a chapter on the macro- 
seopie theory of dislocations has been added in this edition. The chapter has 
heen written jointly by myself and A. M. Kosevich. 

A number of useful comments have been made by G. I. Barenblatt, V. L. 
Ginsburg, M. A. Isakovich, I. M. Lifshitz and I. M. Shmushkevich for the 
Huesian edition, while the vigilance of Dr. Sykes and Dr. Reid has made it 
possible to eliminate some further errors from the English translation. 

| should like to express here my sincere gratitude to all the above-named. 


Moscow E. M. Lirsuitz 
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NOTATION 


p density of matter 
u__ displacement vector 
1/duz;, Ouyz ; 
ux = -|——+—— ] strain tensor 
(5 =.) 
oiz stress tenscr 
K modulus of compression 
p modulus of rigidity 
E _-Young’s modulus 
c  Poisson’s ratio 
cy longitudinal velocity of sound 
c, transverse velocity of sound 
c, and ¢; are expressed in terms of K, yu or of E, o by formulae given in 
§22. 
The quantities K, », E and o are-related by 
E = 9Kp/3K +p) 
o = (3K ~—2p)/2(3K +p) 
K= E/3(1—-2c) 
w= E/2(1+0) 
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CHAPTER I 


FUNDAMENTAL EQUATIONS 


§1. The strain tensor 


THE mechanics of solid bodies, regarded as continuous media, forms the 
content of the theory of elasticity.+ 

Under the action of applied forces, solid bodies exhibit deformation to 
some extent, i.e. they change in shape and volume. The deformation of a 
body is described mathematically in the following way. The position of any 
point in the body is defined by its radius vector r (with components x1 4, 
xo = Y, x3 = 2) in some co-ordinate system. When the body is deformed, 
every point in it is in general displaced. Let us consider some particular 
point; let its radius vector before the deformation be r, and after the deforma- 
tion have a different value r’ (with components x’;). The displacement of 
this point due to the deformation is then given by the vector r’—r, which we 
shall denote by u: 


Ug = X'4— Nj. Oa 


The vector u is called the displacement vector. The co-ordinates x’; of the 
displaced point are, of course, functions of the co-ordinates x; of the point 
before displacement. The displacement vector 1; is therefore also a function 
of the co-ordinates x;. If the vector u is given as a function of x;, the defor 
mation of the body is entirely determined. 

When a body is deformed, the distances between its points change. [Lt 
us consider two points very close together. If the radius vector joining them 
before the deformation is dx;, the radius vector joining the same two points 
in the deformed body is dx’; = dx;+du;. The distance between the points 
is dl = 4/(dx;2+ dxo?-+ dxg*) before the deformation, and dl’:- (dw) | 
+ dx’? + dx’s2) after it. Using the general summation rule,{ we can write 
dl? = dx;2, dl’? = dx’;2 = (dx;+du;)*. Substituting dug = (01;/Axy)dvy, we 
can write 
Ou; Ou; 

-—— dxx dx}. 
XE OX] 


Ou; 
dl’2 = di?4+2— dx; dxz+ 
Oxk 


Since the summation is taken over both suffixes 7 and & in the second term 
on the right, we can put (du;/dx,)dxjdx, - > (Ou,/dxj)dx;dxg. In the third 


+ ‘The basic equations of clasticity theory were established in the 1820's hy Caueiuy and by Posssos 
t In accordance with the usual rule, we otait the aign of unmittion over vector and tensor nufliven 
Summation over the values 1, 2, 3 bo undertood with respect to all sullives which appent twiee tin 


given term. 
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term, we interchange the suffixes 7 and /. ‘Then dl’? takes the final form 


dl’? = dl? + 2uj;, dx; dxz, (1.2) 
where the tensor 1; is defined as 


1 ( Ou; OU, OU *) 


uk => 
2\Ox~ Ox; Ox, Ox; 
These expressions give the change in an element of length when the body is 
deformed. 
The tensor uj; is called the strain tensor. We see from its definition that 
it is symmetrical, i.e. 


(1.3) 


Uik = Uki- (1.4) 
This result has been obtained by writing the term 2(0u;/0xx,)dx; dx, in dl’? 
in the explicitly symmetrical form 
(se =) dx; dxx. 
OXk Ox; 

Like any symmetrical tensor, ujg can be diagonalised at any given point. 
This means that, at any given point, we can choose co-ordinate axes (the 
principal axes of the tensor) in such a way that only the diagonal components 
411, W202, ugg of the tensor 4, are different from zero. These components, the 
principal values of the strain tensor, will be denoted by u®, u®, u(), It should 
be remembered, of course, that, if the tensor iz is diagonalised at any point 
in the body, it will not in general be diagonal at any other point. 

If the strain tensor is diagonalised at a given point, the element of length 
(1.2) near it becomes 

dl’? = (Sin + 2ugx) dxy day, 
= (1+2u) dy? + (1+ 2u®) dx? + (1+ 2u) dig. 

We see that the expression is the sum of three independent terms. This 
means that the strain in any volume element may be regarded as composed 
of independent strains in three mutually perpendicular directions, namely 
those of the principal axes of the strain tensor. Each of these strains is a 
simple extension (or compression) in the corresponding direction: the length 
dx, along the first principal axis becomes dx’) = +/(1+2u%) do, and simi- 
larly for the other two axes. The quantity «/(1+2u“)—1 is consequently 
equal to the relative extension (dx’;—da;)/da; along the 7th principal axis. 

In almost all cases occurring in practice, the strains are small. ‘This means 
that the change in any distance in the body is small compared with the 
distance itself. In other words, the relative extensions are small compared 
with unity. In what follows we shall suppose that all strains are small. 

If a body is subjected to a small deformation, all the components of the 
strain tensor are small, since they give, as we have seen, the relative changes 
in lengths in the body. The displacement vector ;, however, may 
sometimes be large, even for small strains. For example, let us consider a 
long thin rod. Even for a large deflection, in which the ends of the rod move 


1" YestematiningacresattbttaneirnStnimnhe espn inane 
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a considerable distance, the extensions and compressions in the rod itself 
will be small. 

Except in such special cases,t the displacement vector for a small defor- 
mation is itself small. For it is evident that a three-dimensional body (ic. 
one whose dimension in no direction is small) cannot be deformed in such a 
way that parts of it move a considerable distance without the occurrence of 
considerable extensions and compressions in the body. 

Thin rods will be discussed in Chapter II. In other cases uj is small for 
small deformations, and we can therefore neglect the last term in the yeneral 
expression (1.3), as being of the second order of smallness. ‘Uhus, for small 
deformations, the strain tensor is given by 


1/0u; Oux ie 
me (5+ sa): ( a 
The relative extensions of the elements of length along the principal axes of 
the strain tensor (at a given point) are, to within higher-order quantities, 
Vf (1+2u)—1 x u®, i.e. they are the principal values of the tensor 1j,. 

Let us consider an infinitesimal volume clement dV, and find its volume 
dV’ after the deformation. 'To do so, we take the principal axes of the strain 
tensor, at the point considered, as the co-ordinate axes. "hen the elements of 
length dx , dx2, dxg along these axes become, alter the deformation, dv’) 
= (1+ 4%) dx, etc. The volume dV is the product day; dxz dx3, while di’ 
is dx’; dx’ dx’3. Thus dV’ = dV(14+u)(14u@)(1-4 nu). Neglecting higher 
order terms, we therefore have dV’ = dV(1--u? ju) 4-4). The sum 
u) + 4) +4 4) of the principal values of a tensor is well known to be invariant, 
and is equal to the sum of the diagonal components uj ay, | toe | gg in 
any co-ordinate system. Thus 

dV’ = dV(1+uy). (1.6) 
We see that the sum of the diagonal components of the strain tensor is the 
relative volume change (dV’—dV)/dV. 

It is often convenient to use the components of the strain tensor in spherical 
or cylindrical co-ordinates. We give here, for reference, the corresponding 
formulae, which express the components in terms of the derivatives of the 
components of the displacement vector in the same co-ordinates. In spherical 
co-ordinates 7, 0, 6, we have 


Our 1 Cu, ur 1 dug tty P Uy 
Urry = —, Ugg = —-—-+—, yg = ——--- "1 9 cotO4 , 
a ar? Fe 0 or? on sin Op or r 


uy | ou, | (1.7) 


9 “(sf a) rn 1 dup ; Oly 
Ugg = —|—— — ug cot ae lg es 3s ae 
°¢  r\ 08 , rsin®€ dad i or r r 00 
1 Ou, Ou u 
Luge = —- > ene oe 
rsin0 dp or r 


t Which include, besides deformations of thin rods, thowe of thin plates to form eylindrical autfacen 
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In cylindrical co-ordinates 7, ¢, 2, 


‘ Our 1 du, Ur a Ouz 
rr Ayes ood r ad gt Ze Bis” 
1 duz dug Our uz 
2uge = —-——-+—, 2, = —-+—, 1.8 
ae r 0b Oz oe oz =«oOr ve) 
ou u, 1 ou 
2Urg = $ é a 
r r sr 0h 


§2. The stress tensor 


In a body that is not deformed, the arrangement of the molecules corre- 
sponds to a state of thermal equilibrium. All parts of the body are in mechani- 
cal equilibrium. This means that, if some portion of the body is considered, 
the resultant of the forces on that portion is zero. 

When a deformation occurs, the arrangement of the molecules is changed, 
and the body ceases to be in its original state of equilibrium. Forces there- 
fore arise which tend to return the body to equilibrium. These internal 
forces which occur when a body is deformed are called internal stresses. If 
no deformation occurs, there are no internal stresses. 

The internal stresses are due to molecular forces, i.e. the forces of inter- 
action between the molecules. An important fact in the theory of elasticity is 
that the molecular forces have a very short range of action. Their effect 
extends only to the neighbourhood of the molecule exerting them, over a 
distance of the same order as that between the molecules, whereas in the 
theory of elasticity, which is a macroscopic theory, the only distances con- 
sidered are those large compared with the distances between the molecules. 
The range of action of the molecular forces should therefore be taken as zero 
in the theory of elasticity. We can say that the forces which cause the internal 
stresses are, as regards the theory of elasticity, “‘near-action” forces, which act 
from any point only to neighbouring points. Hence it follows that the forces 
exerted on any part of the body by surrounding parts act only on the surface 
of that part. 

‘The following reservation should be made here. The above asserioon is 
not valid in cases where the deformation of the body results in macroscopic 
clectric fields in it (pyroelectric and piezoelectric bodies). We shall not discuss 
such bodies in this book, however. 

Let us consider the total force on some portion of the body. Firstly, this 
total force is equal to the sum of all the forces on all the volume elements in 
that portion of the body, i.e. it can be written as the volume integral [fF dV, 
where F is the force per unit volume and FdV the force on the volume element 
dV. Secondly, the forces with which various parts of the portion considered 
act on one another cannot give anything but zero in the total resultant force, 
since they cancel by Newron’s third law. ‘The required total force can there- 
fore be regarded as the sum of the forces exerted on the piven portion of the 
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body by the portions surrounding it. From above, however, these forces act 
on the surface of that portion, and so the resultant force can be represented 
as the sum of forces acting on all the surface elements, i.c. as an integral 
over the surface. 

Thus, for any portion of the body, each of the three components f M,dI’ 
of the resultant of all the internal stresses can be transformed into an Inte ral 
over the surface. As we know from vector analysis, the integral of a scalar 
over an arbitrary volume can be transformed into an integral over the surface 
if the scalar is the divergence of a vector. In the present case we have the 
integral of a vector, and not of a scalar. Hence the vector /; must be the 
divergence of a tensor of rank two, i.e. be of the form 


y= Oo ix OX. (2.1) 


Then the force on any volume can be written as an integral over the closed 
surface bounding that volume:t 


doi 
[F dV = i dV = bon dfx, (7.2) 
OxK 


where df; are the components of the surface element vector df, directed (sts 
usual) along the outward normal. t 

The tensor oz is called the stress tensor. As we see from (2.2), oudf, is the 
ith component of the force on the surface element df. By taking elements 
of area in the planes of xy, yz, zx, we find that the component oy, of the stress 
tensor is the ith component of the force on unit area perpendicular to the 
x,-axis. For instance, the force on unit area perpendicular to the x axis, 
normal to the area (i.e. along the x-axis) is oz, and the tangential forces 
(along the y and z axes) are oyz and ozz. 

The following remark should be made concerning the sign of the force 
oizdfx. ‘The surface integral in (2.2) is the force exerted on the volume 
enclosed by the surface by the surrounding parts of the body. ‘Whe force 
which this volume exerts on the surface surrounding it is the same with the 
opposite sign. Hence, for example, the force exerted by the internal stresses 
on the surface of the body itself is — foirdf;, where the integral is taken over 
the surface of the body and df is along the outward normal. 

Let us determine the moment of the forces on a portion of the body. 'Uhe 
moment of the force F can be written as an antisymmetrical tensor of rank 
two, whose components are Fixz,—Fx;, where x; are the co-ordinates of the 


¢ The integral over a closed surface is transformed into one over the volume enclosed by the 
surface by replacing the surface element df, by the operator d V0/Ox,. 

} Strictly speaking, to determine the total force on a deformed portion of the body we should 
integrate, not over the old co-ordinates x;, but over the co-ordinates x; of the points of the deformed 
body. The derivatives (2.1) should therefore be taken with respect toy. However, in view of the 
smallness of the deformation, the derivatives: with respect tox, and x, diller only by higher order 
quantities, and so the derivatives can be taken with reipect io the co ordinntes xy. 
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point where the force is applicd.f Ilence the moment of the forces on the 
volume element dV is (Fixx —Fyx;)dV, and the moment of the forces on the 
whole volume is Mjz, = {(Fixy—Fxx;)dV. Like the total force on any volume, 
this moment can be expressed as an integral over the surface bounding the 
volume. Substituting the expression (2.1) for F;, we find 


Ox] Ox} 
a — ORI. Ox Ox; 
= | (cuxE — OKI Yav—f (our _ on] av. 
Ox} Ox} Ox] 


In the second term we use the fact that the derivative of a co-ordinate with 
respect to itself is unity, and with respect to another co-ordinate is zero 
(since the three co-ordinates are independent variables). ‘Thus 0x;/0x; = 8x1, 
where 6,7 is the unit tensor; the multiplication gives o4jd%1 = cix, ox1541 = OK4- 
In the first term, the integrand is the divergence of a tensor; the 
integral can be transformed into one over the surface. The result is 
Mix = §(oixe — oxrxi)dfitf(oxi— oix)dV. If Mix, 1s to be an integral over the 
surface only, the second term must vanish identically, i.e. we must have 


Sik = Okt (2.3) 


Thus we reach the important result that the stress tensor is symmetrical. 
The moment of the forces on a portion of the body can then be written 
simply as 


Mix = [Fen Fyx,)dV = $(ouxe — on 1x4) Aft. (2.4) 


It is easy to find the stress tensor for a body undergoing uniform com- 
pression from all sides (hydrostatic compression). In this case a pressure of 
the same magnitude acts on every unit area on the surface of the body, and its 
direction is along the inward normal. If this pressure is denoted by , a force 
—pdf; acts on the surface element df;. This force, in terms of the stress 
tensor, must be oizdf,. Writing — pdf; = —pdixdfz, we see that the stress 
tensor in hydrostatic compression is 


Oik = — pdix. (2.5) 


Its non-zero components are simply equal to the pressure. 

In the general case of an arbitrary deformation, the non-diagonal com- 
ponents of the stress tensor are also non-zero. This means that not only a 
normal force but also tangential (shearing) stresses act on each surface 
element. These latter stresses tend to move the surface elements relative to 
each other. 


+ The moment of the force F is defined as the vector product F Xr, and we know from vector 
analysis that the components of a vector product form an antisymmetrical tensor of rank two as written 
here. 
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In equilibrium the internal stresses in every volume element must balance, 
i.e. we must have F; = 0. Thus the equations of equilibrium for a deformed 
body are 


0o;4,/0xy, = 0. (2.6) 


If the body is in a gravitational field, the sum F + pg of the internal stresses 
and the force of gravity (pg per unit volume) must vanish; p is the density } anid 
g the gravitational acceleration vector, directed vertically downwards. In 
this case the equations of equilibrium are 


Coix| Ox~ + pgi = 0. (7) 


The external forces applied to the surface of the body (which are the usual 
cause of deformation) appear in the boundary conditions on the equations of 
equilibrium. Let P be the external force on unit area of the surface of the 
body, so that a force P df acts on a surface element df. In equilibrium, this 
must be balanced by the force — oix df; of the internal stresses acting on that 
element. Thus we must have P; df—ox%, df, = 0. Writing df, om. df, 
where n is a unit vector along the outward normal to the surface, we find 


OiKnk = Ps (2.8) 


‘This is the condition which must be satisfied at every point on the surface of 
a body in equilibrium. 

We shall derive also a formula giving the mean value of the stress tensor 
in a deformed body. To do so, we multiply equation (2.6) by ay; and inteprate 
over the whole volume: 


9 3 
i ay [ee *t) V— [out av = 0. 


Ox] Ox] 


The first integral on the right is transformed into a surface integral; in the 
second integral we put @xz/0x7 = Sx. The result is fogxe dft fou dl 0. 
Substituting (2.8) in the first integral, we find $Pjxz df = foil Vou, 
where V is the volume of the body and 6; the mean value of the stress tensor. 
Since oi; = ox;, this formula can be written in the symmetrical form 


Gin = (1/2V) $ (Pixx+ Pini) df. (2.9) 


Thus the mean value of the stress tensor can be found immediately from the 
external forces acting on the body, without solving the equations of equili 
brium. 


+ Strictly speaking, the density of a body changes when it ts deformed. An allowance for thin 
change, however, involves higher-order quantities tn the case of small deformations, and is theretare 
unimportant. 
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§3. The thermodynamics of deformation 


Let us consider some deformed body, and suppose that the deformation 
is changed in such a way that the displacement vector u; changes by a small 
amount éu;; and let us determine the work done by the internal stresses in 
this change. Multiplying the force F; = do;,/0xz, by the displacement du; and 
integrating over the volume of the body, we have foR dV = [(0ojx/ xx) du; dV, 
where 5R denotes the work done by the internal stresses per unit volume. 
We integrate by parts, obtaining 


Cou; 


[or dV = oud fe | ov —— dV. 


XE 


By considering an infinite medium which is not deformed at infinity, we 
make the surface of integration in the first integral tend to infinity; then 
oi = 0 on the surface, and the integral is zero. The second integral can, 
by virtue of the symmetry of the tensor o;,, be written 


if 0du; ddux 
[ SR dV | vn fe dV 
pe Oxp Ox; 


1 Ou; CuK 
— 5 | m8 (— i = dV 
2 OXE Ox; 


= — [ouduin dV. 


I 
| 
| 


Thus we find 
b6R = —~ OjKOUTK. (3.1) 


This formula gives the work SR in terms of the change in the strain tensor. 

If the deformation of the body is fairly small, it returns to its original 
undeformed state when the external forces causing the deformation cease 
to act. Such deformations are said to be elastic. For large deformations, the 
removal of the external forces does not result in the total disappearance of the 
deformation; a residual deformation remains, so that the state of the body is 
not that which existed before the forces were applied. Such deformations 
are said to be plastic. In what follows we shall consider only elastic defor- 
mations. 

We shall also suppose that the process of deformation occurs so slowly 
that thermodynamic equilibrium is established in the body at every instant, 
in accordance with the external conditions. This assumption is almost always 
justified in practice. The process will then be thermodynamically reversible. 

In what follows we shall take all such thermodynamic quantities as the 
entropy S, the internal energy @, etc., relative to unit volume of the body,t 


+ The following remark should be made here. Strictly speaking, the unit volumes before and after 
the deformation should be distinguished, since they in general contain different amounts of matter. 


We shall always relate the thermodynamic quantities to unit volume of the undeformed body, te. 
to the amount of matter thercin, which may occupy a different volume after the deformation. Accord- 
ingly, the total energy of the body, for example, is obtained hy integrating & over the volume of the 


undeformed badly. 


oe 
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and not relative to unit mass as in fluid mechanics, and denote them by the 
corresponding capital letters. 

An infinitesimal change d@& in the internal energy is equal to the diflercnee 
between the heat acquired by the unit volume considered and the work dh 
done by the internal stresses. The amount of heat is, for a reversible process, 
TdS, where T is the temperature. Thus d@& = TdS—dk; with dR piven 
by (3.1), we obtain 


dé = TdS+ojx, dug. ed | 

This is the fundamental thermodynamic relation for deformed bodics. 
In hydrostatic compression, the stress tensor is oj, = —pdix (2.5). ‘Vien 
oip duin = — poik dui, = —p du;;. We have seen, however (cf. (1.6)), that the 
sum 14; is the relative volume change due to the deformation. If we consides 


unit volume, therefore, uj; is simply the change in that volume, and day ts 
the volume element dV. The thermodynamic relation then takes tts usual form 


dé = TdS—pdV. 
Introducing the free energy of the body, F = &— T'S, we find the for 
dF = —SdT+ cix dui (4.3) 
of the relation (3.2). Finally, the thermodynamic potential P is defined a. 
® = 6—TS— oxuix = F— cixttir. (3.4) 


This is a generalisation of the usual expression ® = @&—7TS | pl’ .f Subst 
tuting (3.4) in (3.3), we find 


d® = —SdT—ujx, doig. (3s) 


The independent variables in (3.2) and (3.3) are respectively S, mj, and 
T, wiz. The components of the stress tensor can be obtained by dillerentiatiny: 
& or F with respect to the components of the strain tensor, for constant 
entropy S or temperature T respectively: 


oi = (06/Ouix)s = (OF /Ouix) r- (3.6) 


Similarly, by differentiating ® with respect to the components oj, we can 
obtain the components wiz: 


uk = (O@/dctK) 7. (3.7) 


+ For hydrostatic compression, the expression (3.4) becomes Ff pug ey pth Vy), 
where V —V, is the volume change resulting, from the deformation, Henee we ace that the defuution 
of © used here differs by aterm ply from the awial definition DoF | pk. 
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§4. Hooke’s law 


In order to be able to apply the general formulae of thermodynamics to 
any particular case, we must know the free energy I’ of the body as a function 
of the strain tensor. This expression is easily obtained by using the fact that 
the deformation is small and expanding the free energy in powers of wiz. We 
shall at present consider only isotropic bodies. The corresponding results 
for crystals will be obtained in §10. 

In considering a deformed body at some temperature (constant throughout 
the body), we shall take the undeformed state to be the state of the body in the 
absence of external forces and at the same temperature; this last condition is 
necessary on account of the thermal expansion (see §6). Then, for ui, = 0, 
the internal stresses are zero also, i.e. oy = 0. Since oj, = OF [Oujx, it 
follows that there is no linear term in the expansion of F in powers of ujx. 

Next, since the free energy is a scalar, each term in the expansion of F 
must be a scalar also. ‘I'wo independent scalars of the second degree can be 
formed from the components of the symmetrical tensor uj,: they can be 
taken as the squared sum of the diagonal components (u;;2) and the sum of 
the squares of all the components (u;,°). Expanding F in powers of zz, we 
therefore have as far as terms of the second order 


Fs Fo + dAuy? + pix. (4.1) 


This is the general expression for the free energy of a deformed isotropic 
body. The quantities A and yu are called Lameé coefficients. 

We have seen in §1 that the change in volume in the deformation is given 
by the sum u,;. If this sum is zero, then the volume of the body is unchanged 
by the deformation, only its shape being altered. Such a deformation is 
called a pure shear. 

The opposite case is that of a deformation which causes a change in the 
volume of the body but no change in its shape. Each volume element of the 
body retains its shape also. We have seen in §1 that the tensor of such a 
deformation is u;, = constant x6;x. Such a deformation is called a hydro- 
static compression. 

Any deformation can be represented as the sum of a pure shear and a 
hydrostatic compression. ‘To do so, we need only use the identity 


Wig = (ix — 45x) + dOexuz1. (4.2) 


The first term on the right is evidently a pure shear, since the sum of its 
diagonal terms is zero (54 = 3). The second term is a hydrostatic compres- 
sion. 

As a general expression for the free energy of a deformed isotropic body, 
it is convenient to replace (4.1) by another formula, using this decomposition 
of an arbitrary deformation into a pure shear and a hydrostatic compression. 
We take as the two independent scalars of the second degree the sums of the 
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squared components of the two terms in (4.2). ‘Then # becomest 
Fe= p(uin— 4dixuu)? +h Kuz. (4.3) 


The quantities K and p are called respectively the bulk modulus or modulus of 
hydrostatic compression (or simply the modulus of compression) and the shea 
modulus or modulus of rigidity. K is related to the Lamé coefficients by 


K = A+3u. (4.4) 


In a state of thermodynamic equilibrium, the free energy is a minimum. 
If no external forces act on the body, then F as a function of uj; must have a 
minimum for uj, = 0. This means that the quadratic form (4.3) must be 
positive. If the tensor uz is such that uj; = 0, only the first term remains 
in (4.3); if, on the other hand, the tensor is of the form ux = constant = dj, 
then only the second term remains. Hence it follows that a necessary (and 
evidently sufficient) condition for the form (4.3) to be positive is that cach 
of the coefficients K and yp is positive. Thus we conclude that the moduli of 
compression and rigidity are always positive: 


K>0, p> 0. (4.5) 


We now use the general thermodynamic relation (3.6) to determine the 
stress tensor. To calculate the derivatives 0F'/0u;,, we write the total difler- 
ential dF (for constant temperature) : 


dF = Kuy dujyz+ Q(t _ 4u116%x) d(uix — 4u115ik)- 


In the second term, multiplication of the first parenthesis by dj, gives zero, 
leaving dF = Kuy duaqz + 2(uex — 4u15ix) duix, or writing duyy == Sep dugg, 


dF = [Kundix + 2u(uix _ 4u115ix) | dujr. 


Hence the stress tensor is 
ok = Kuydix + 2u(ugx —46;x072). (4.6) 


This expression determines the stress tensor in terms of the strain tensor for 
an isotropic body. It shows, in particular, that, if the deformation is a pure 
shear or a pure hydrostatic compression, the relation between oj and i; 14 
determined only by the modulus of rigidity or of hydrostatic compression 
respectively. 

It is not difficult to obtain the converse formula which expresses mjq in 
terms of oj. To do so, we find the sum o4; of the diagonal terms. Since this 
sum is zero for the second term of (4.6), we have og == 3Kuy, or 


uy = on/3K. (4.7) 


+ The constant term F’y is the free energy of the undeformed body, and is of no further interent. 
We shall therefore omit it, for brevity, taking J to be only the free energy of the deformation (the 
elastic free energy, as it is called). 
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Substituting this expression in (4.6) and so deternuning tz, we find 
Wik = Oix011/9K + (oie — 46;x011)/2u, (4.8) 


which gives the strain tensor in terms of the stress tensor. 

Equation (4.7) shows that the relative change in volume (uj) in any 
deformation of an isotropic body depends only on the sum oy of the diagonal 
components of the stress tensor, and the relation between uj and oy is 
determined only by the modulus of hydrostatic compression. In hydrostatic 
compression of a body, the stress tensor is oj; = —pd;,x. Hence we have 
in this case, from (4.7), 


uy = — pl K. (4.9) 


Since the deformations are small, uj and p are small quantities, and we can 


write the ratio u;;/p of the relative volume change to the pressure in the 
differential form (1/V)(eV/dp),. Thus 


The quantity 1/K is called the coefficient of hydrostatic compression (or simply 
the coefficient of compression). 

We see from (4.8) that the strain tensor uj, is a linear function of the stress 
tensor oi. ‘That is, the deformation is proportional to the applied forces. 
This law, valid for small deformations, is called Hooke’s law.t 

We may give also a useful form of the expression for the free energy of a 
deformed body, which is obtained immediately from the fact that F is quad- 
ratic in the strain tensor. According to EuLrr’s theorem, u;,0F /duiz, = 2F, 
whence, since 0F/0uj, = o%%, we have 


F= oigllig. (4.10) 


If we substitute in this formula the u;,; as linear combinations of the 
components ojx, the elastic energy will be represented as a quadratic function 
of the oi. Again applying EuLrr’s theorem, we obtain 0;,0F/0o%;, = 2F, and 
a comparison with (4.10) shows that 


uik = OF doin. (4.11) 


It should be emphasised, however, that, whereas the formula oj, = OF /Ousx 
is a general relation of thermodynamics, the inverse formula (4.11) is applic- 
able only if Hooxe’s law is valid. 


t Hookr’s law is actually applicable to almost all elastic deformation. The reason is that deforma- 
tions usually cease to be clastic when they are stillso small that Hooke’s law isa yrood approximation. 
Substances such as rubber forny an exception, 
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§5. Homogeneous deformations 


Let us consider some simple cases of what are called homogeneous deforma- 
tions, i.e. those in which the strain tensor is constant throughout the volume 
of the body. For example, the hydrostatic compression already considered 
is a homogeneous deformation. 

We first consider a simple extension (or compression) of a rod. Let the 
rod be along the z-axis, and let forces be applied to its ends which stretch it 
in both directions. These forces act uniformly over the end surfaces of the 
rod; let the force on unit area be p. 

Since the deformation is homogeneous, i.e. uj, is constant through the 
body, the stress tensor o4;, is also constant, and so it can be determined at once 
from the boundary conditions (2.8). There is no external force on the sides 
of the rod, and therefore oj.mz = 0. Since the unit vector n on the side of the 
rod is perpendicular to the z-axis, i.e. 2z = 0, it follows that all the com- 
ponents oj except ozz are zero. On the end surface we have o,;m; = p, or 
Ozz = p. 

From the general expression (4.8) which relates the components of the 
strain and stress tensors, we see that all the components u;, with 7 4 k are 
zero. Tor the remaining components we find 


byt 1 fly ll 
Ugg = Uyy = -3(5- = =z) uzz = slats? (5.1) 


/ 


The component uzz gives the relative lengthening of the rod. Vhe coctli- 
cient of p is called the coefficient of extension, and its reciprocal is the modulus 
of extension or Young’s modulus, E: 


Uzz = p/E, (5.2) 


where 
E = 9Kyp/(3K +p). (5.3) 
The components w#z2 and uyy give the relative compression of the rod in the 


transverse direction. The ratio of the transverse compression to the lonpi- 
tudinal extension is called Pozsson’s ratio, o:+ 


Ugg = — OUzz, (5.4) 

where 
ep 2IGRTAIGR 2p. (5.5) 
t The use of 6 to denote POISSON’s ratio and og to denote the components of the stress Censar cun- 


not lead to ambipuity, since the latter always have sullices. 
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Since AC and yw are always positive, Poisson’s ratio can vary between -- | 


(for K = 0) and } (for jz = 0). ‘Thus + 


-l<ox 


noi 
. 


(5.6) 
Finally, the relative increase in the volume of the rod is 
ui = p[3K. (5.7) 


The free energy of a stretched rod can be obtained immediately from formula 
(4.10). Since only the component o;, is not zero, we have F = 


Soz2Uez, 
whence 


F = p2/2k. (5.8) 


In what follows we shall, as is customary, use E and o instead of K and p. 
Inverting formulae (5.3) and (5.5), we havet 


we = E/2(1+0), K = E/3(1—20). (5.9) 


We shall write out here the general formulae of §4, with the coefficients 
expressed in terms of F and oc. The free energy is 


E o 
i Mira te oe “25 ut . (5.10) 
‘The stress tensor is given in terms of the strain tensor by 
E { o 
Ck = oleh bie). (5.11) 
Conversely, 
ux = [(1+o)oxn—oondix|/E. (5.12) 


Since formulae (5.11) and (5.12) are in frequent use, we shall give them also 
in component form: 


E 


Cre = Gta ao)" — org + o(Uyy + Uzz) |, 


Cyy = (D4 oda do) Mant oltre + tee)], 


(5.13) 
= — ———{(1— +o(Ugat : 
ot = Ty o)(La day et olen t ty) 
E E E 
Czy = reads O72 = fig? Cyz = fae 


t In practice, POISSON’s ratio varies only between 0 and $. There are no substances known for 
which o < 0, i.e. which would expand transversely when stretched longitudinally. It may be men- 
tioned that the inequality o > 0 corresponds to A > 0, where A is the Lamé coefficient appearing 
in (4.1); in other words, both terms in (4.1), as well as in (4.3), are always positive in practice, although 
this is not thermodynamically necessary. Values of o@ close to 4 (e.g. for rubber) correspond to a 
modulus of rigidity which is small compared with the modulus of compression. 


Tt The second Lamé coefficient is A Foaf(l--2a)Q-} a). 
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and conversely 


1 
ugz = Gloss coun + 22) ] 
1 
Uyy = Glow o(oze+ Ozz)|, 
p (ad) 
Uzz = qlee Aone + oyy)|, 
l+o 1l+o l+o 
Ugy = Czy, Uzz = cre Uyz = ae yz 


Let us now consider the compression of a rod whose sides are fixed in 
such a way that they cannot move. The external forces which cause the 
compression of the rod are applied to its ends and act along its length, which 
we again take to be along the z-axis. Such a deformation is called a 
unilateral compression. Since the rod is deformed only in the s-direction, 
only the component uzz of wiz is not zero. Then we have from (5.11) 


Big ace hs pty SE 
4 (1+0)(1—-20) (1401-20) 


Orn = 


Again denoting the compressing force by p (azz = p, which is negative for 
a compression), we have 


tee = p(1+0)(1—20)/E(1—0). (5.15) 


The coefficient of p is called the coefficient of unilateral compression. Vor the 
transverse stresses we have 


Oga = Tyy = po/(1—o). (5.16) 
Finally, the free energy of the rod is 
F = p(1+0)(1—20)/2E(1—o). 517) 


§6. Deformations with change of temperature 


Let us now consider deformations which are accompanied by a change in 
the temperature of the body; this can occur either as a result of the deforma 
tion process itself, or from external causes. 

We shall regard as the undeformed state the state of the body in the absence 
of external forces at some given temperature 7. If the body is at a tempera 
ture T different from 7, then, even if there are no external forces, it will in 
general be deformed, on account of thermal expansion. In the expansion of 
the free energy /‘(7), there will therefore be terms linear, as wellas quadratic, 
in the strain tensor. From the components of the tensor mz, of rank two, 
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we can form only one linear scalar quantity, the sum uj of its diagonal com- 
ponents. We shall also assume that the temperature change T— 7 which 
accompanies the deformation is small. We can then suppose that the coeffi- 
cient of uw; in the expansion of F (which must vanish for T = 7p) is simply 
proportional to the difference T7— 7. Thus we find the free energy to be 
(instead of (4.3)) 


Fr T) = Fo( T) — Ka = To)uy ++ p(uix _ 40gRU)? + tKur?, (6.1) 


where the coefficient of T-- Ty has been written as —Ka. The quantities 
u, K and « can here be supposed constant; an allowance for their tempera- 
ture dependence would lead to terms of higher order. 

Differentiating F with respect to u;z, we obtain the stress tensor: 


Cik = — Ko( T— To) dix + Kurydix + 2p( ix _ tS4tt11). (6.2) 


The first term gives the additional stresses caused by the change in tempera- 
ture. In free thermal expansion of the body (external forces being absent), 
there can be no internal stresses. Equating oj, to zero, we find that u;, is of 
the form constant x 6;,, and 

uy = a( T— To). (6.3) 


But 1; is the relative change in volume caused by the deformation. Thus « 
is just the thermal expansion coefficient of the body. 

Among the various (thermodynamic) types of deformation, isothermal and 
adiabatic deformations are of importance. In isothermal deformations, the 
temperature of the body does not change. Accordingly, we must put T = Jo 
in (6.1), returning to the usual formulae; the coefficients K and y may there- 
fore be called isothermal moduli. 

A deformation is adiabatic if there is no exchange of heat between the 
various parts of the body (or, of course, between the body and the surround- 
ing medium). The entropy S remains constant. It is the derivative —0F'/0T 
of the free energy with respect to temperature. Differentiating the expression 
(6.1), we have as far as terms of the first order in 14; 


S(T) = So(T)+ Kotz. (6.4) 


Putting S constant, we can determine the change of temperature T— To due 
to the deformation, which is therefore proportional to*z;. Substituting this 
expression for T— To in (6.2), we obtain for oj, an expression of the usual 
kind, 

oik = Kaaudix+ 2e(uiz—4oinun), (6.5) 


with the same modulus of rigidity ». but a different modulus of compression 
Kaa. The relation between the adiabatic modulus Kaq and the ordinary 
isothermal modulus K can also be found directly from the thermodynamic 
formula 


if 2 T(aVv/aT),2 
a a5 ; | 
ike \Opsre C, 


[inenetieeniceendinbamemnaniteiemanedenbaadtaticamteetine tat eee eee TEE tamed anneddnananaeanmetdhabandiaaetioateminateieamennateeneteene te en =, 
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where Cy is the specific heat per unit volume at constant pressure. If fis 
taken to be the volume occupied by matter which before the deformation 
occupied unit volume, the derivatives 0V/0T and oV/dp give the relative 
volume changes in heating and compression respectively. ‘I'hat is, 


(QV/@T)p = «, (8V/2p)s = —1/Kaa, (2V/2p)7 = —1)K. 


Thus we find the relation between the adiabatic and isothermal moduli to be 


1/Kaa = 1/K— Ta2/Cy, jeaa = pe (6.6) 
For the adiabatic Younc’s modulus and Potsson’s ratio we easily obtain 
E o-+ ETa?/9Cp 


Eada Gad (0.7) 


~ [-ETe2/9C,’ ~ T-ETe2/9Cy 


In practice, ET«?/C'y is usually small, and it is therefore sufficiently accurate 
to put 


Faa = E+ E?Ta2/9C5, Gad = ot (1+ o0)ETa2/9Cp. (6.8) 


In isothermal deformation, the stress tensor is given in terms of the 
derivatives of the free energy: 


Cik = (OF /Ousx) r. 
For constant entropy, on the other hand, we have (see (3.6)) 
cik = (06/Ouix)s, 


where & is the internal energy. Accordingly, the expression analogous to 
(4.3) determines, for adiabatic deformations, not the free energy but the in 
ternal energy per unit volume: 


C = 4Kaauy? + wuz —4undix)?. (6.9) 


§7. The equations of equilibrium for isotropic bodies 


Let us now derive the equations of equilibrium for isotropic solid bodies, 
To do so, we substitute in the general equations (2.7) 


004%] OXK + pei = 0 
the expression (5.11) for the stress tensor. We have 


. O0%k Eo Our E Oui); 


Substituting 


1 ( Ou, Og 
Mik o> on 
2\Oxp AN, 
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we obtain the equations of equilibrium im the form 


E Ou, 4 E 02; 0 (7 1 

————~- ——  —___________. _____4. pg, = 0, 

2(1 + 0) Ox,? 2(1 + o)(1 — 20) Ax; 0x; Pas ) 
These equations can be conveniently rewritten in vector notation. The 
quantities 0°u;/0x, are components of the vector Au, and @u)/@x,; = div u. 
Thus the equations of equilibrium become 

2(1+0) 
ddivu = — : cay 

ioe re, (7.2) 
It is sometimes useful to transform this equation by using the vector identity 
grad divu = Au+curlcurlu. Then (7.2) becomes 


Aut 


curl curl u 


grad div u — 
2(1—«) 


(1+0)(1—2¢) 
ares ae (7:3) 
We have written the equations of equilibrium for a uniform gravitational 
field, since this is the body force most usually encountered in the theory of 
elasticity. If there are other body forces, the vector pg on the right-hand 
side of the equation must be replaced accordingly. 
A very important case is that where the deformation of the body is caused, 
not by body forces, but by forces applied to its surface. The equation of 
equilibrium then becomes 


(1—2c)A u+grad div u = 0 (7.4) 
or 


2(1—.) grad div u—(1—2¢) curl curlu = 0. (7.5) 


The external forces appear in the solution only through the boundary con- 
ditions. 
Taking the divergence of equation (7.4) and using the identity 


div grad = A, 
we find 
A divu = 0, (7.6) 


i.e. div u (which determines the volume change due to the deformation) is a 
harmonic function. Taking the Laplacian of equation (7.4), we then obtain 


AA =-9, (7.7) 


i.e. in equilibrium the displacement vector satisfies the biharmonic equation. 
These results remain valid in a uniform gravitational ficld (since the right- 
hand side of equation (7.2) gives zero on differentiation), but not in the 
general case of external forces which vary through the body. 


a ee Ee 
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The fact that the displacement vector satisfies the biharmonic equation 
does not, of course, mean that the general inteyral of the equations of equilt- 
brium (in the absence of body forces) is an arbitrary bilarmonte vector, at 
must be remembered that the function U0, V5) also natiatiens the lowes 
order differential equation (7.4). Itis possible, hor evet, toesxpiess the poneral 
integral of the equations of equilibrium in terms of the derivatives ofan 
arbitrary biharmonic vector (see Problem 10). 

If the body is non-uniformly heated, an additional term appears in the 
equation of equilibrium. The stress tensor must include the term 


— Ka(T— To) 84x 
(see (6.2)), and do;x/dxz, accordingly contains a term 
—KadT/Oxy = —[Ex/3(1—20)]aT/axy. 


The equation of equilibrium thus takes the form 


3(1- 3(1-2 
OO pea div u — bl a curlcurlu = «grad7. (7.8) 
l+o 2(1+ 0c) 


Let us consider the particular case of a plane deformation, in which one 
component of the displacement vector (uz) is zero throughout the body, 
while the components uz, uy depend only on x and y. ‘The components 
Uzz, Uzz, Uyz Of the strain tensor then vanish identically, and therefore so do 
the components ozz, Syz of the stress tensor (but not the longitudinal stress 
zz, the existence of which is implied by the constancy of the length of the 
body in the z-direction). + 

Since all quantities are independent of the co-ordinate z, the equations of 
equilibrium (in the absence of external body-forces) @oiz/@x, 0 reduce in 
this case to two equations: 


Ocrr Cory = 0, Coys | Foy 
Ox oy Ox oy 


= 0. (7.9) 


The most general functions ozz, Oxy, Syy Satisfying these equations are of 
the form 


Oza = 0%y/dy?, Cry = — y/dxdy, yy = OyJOx*, (7.10) 


where x is an arbitrary function of x and y. It is easy to obtain an equation 
which must be satisfied by this function. Such an equation must exist, since the 
three quantities oz, ogy, cyy can be expressed in terms of the two quantities 
uz, Uy, and are therefore not independent. Using formulae (5.13), we find, 
for a plane deformation, 


Ogr+ Cyy = E(uza+ Uyy)/(1 + o)(1 Ts 20). 


t The use of the theory of functions of a complex variable provides very powerful methods of 
solving plane problems in the theory of elasticity. See N. 1. Moskittrentsuvita, Some Ravte Problenn 
of the Mathematical Theory of Elasticity, Iud English ed., PL NootdholF, Groningen (904. 
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But 


Ou, Oly . 
Oza t Gyy = AX, Ugg tuyy = ae Oy = divu, 


and, since by (7.6) div u is harmonic, we conclude that the function x satisfies 
the equation 


AAx = 0, (7.11) 


i.e. it is biharmonic. This function is called the stress function. When the 
plane problem has been solved and the function y is known, the longitudinal 
stress azz is determined at once from the formula 


COzz = oE(Uzz + Uyy)/(1+ o)(1— 20) = o(¢x2+ Oyy) 
or 


Ozz = GX. (7.12) 


PROBLEMS 


PROBLEM 1. Determine the deformation of a long rod (of length 2) standing vertically in a 
gravitational field. 


SOLUTION. We take the z-axis along the axis of the rod, and the xy-plane in the plane of 
its lower end. The equations of equilibrium are @cez4/Ox1 = Qoyi/Oxi = 0, Aozi/Ox, = pg. 
On the sides of the rod all the components o;x% except ¢zz must vanish, and on the upper 
end (2 = 1) oz = oyz = ozz = 0. The solution of the equations of equilibrium satisfying 
these conditions is ozz = —pg(l—2z), with all other o,; zero. From o;¢ we find uix to be 
lige = Uyy = opg(l—2)/E, uzz = —pg(l—2)/E, ucy = uz, = tyz = 0, and hence by inte- 
gration we have the components of the displacement vector, uz = opg(l—2z)x/E, uy = 
opg(l—2)y/E, uz = —(pg/2E) {l? -(l—z)?—o(x?-+y%)}. The expression for uz satisfies the 
boundary condition uz = 0 only at one point on the lower end of the rod. Hence the solution 
obtained is not valid near the lower end. 


ProBLEM 2. Determine the deformation of a hollow sphere (of external and internal radii 
R, and R,) with a pressure p, inside and p, outside. 


SOLuTION. We use spherical co-ordinates, with the origin at the centre of the sphere. 
The displacement vector u is everywhere radial, and is a function of r alone. Hence curl u=0, 
and equation (7.5) becomes grad div u = 0. Hence 


divu = — = constant = 3a, 


or u = ar+b/r*. The components of the strain tensor are (see formulae (1.7)) u,, = a—26/r3, 
ug = Ugy = a+6/r>. The radial stress is 


E E 2E b 


ee See Deis easar on 
Wr eal aa ee aoe eB 


The constants a and b are determined from the boundary conditions: o,, = —p,at 7 -= Ry, 
and o,, = —p,atr = R,. Hence we find 
PRP — poked’ 1-20 RSR(pj — pe) 1l4oo 


Rak Re Bk Ro RS "OK 


a= 


Sah ee eR RE A TPT pe cnet 
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For example, the stress distribution in a spherical shell with a pressure p, = p inside and 
P2 = 0 outside is given by 


pRi R28 pRe R. 

= ial) neu Bilis) 
R2—RB p RB—RB 

For a thin spherical shell of thickness k = R,—R, <R we have approximately 

“i= PR —o)/2Eh, Cgg = o¢g¢ = pR/h, Orr zi Lp, 


where o,, is the mean value of the radial stress over the thickness of the shell. 
The stress distribution in an infinite elastic medium with a spherical cavity (ob tradi Je) 
subjected to hydrostatic compression is obtained by putting Ryo: RR, 1, py 0, 


Orr 
rs 


Do = p: 
R3 Rs 
= 1 _- — = 1 -+t- f 
Orr o( 3) Fe = Fg Pll Dy 
At the surface of the cavity the tangential stresses 996 = 9g = ~3p/2, ic. they exceed the 


pressure at infinity. 


PROBLEM 3. Determine the deformation of a solid sphere (of radius #) in its own pray 
tational field. 


SotuTion. The force of gravity on unit mass in a spherical body is - ef Ro Substitutoy 


this expression in place of g in equation (7.3), we obtain the following equation for the radial 
displacement: 


E(i—c) d 1 d(r2u) ) r 


(Lieli-2e) d\n ar) MR 


The solution finite for r = 0 which satisfies the condition o,, --0 for r It in 


geR A _ 2o)(1 + o) : (<= 7 ".) 
10E(1 — o) 


Ape «gee 
It should be noticed that the substance is compressed (u,, <- 0) inside a spherical surface of 
radius Rv/{(3 —e)/3(1+.¢)} and stretched outside it (u,, > 0). "Whe pressure at the centre of 
the sphere is (3 —c)gpR/10(1 —o). 


ProsieM 4. Determine the deformation of a cylindrical pipe (of external and internal sac 
R, and R,), with a pressure p inside and no pressure outside. 


SOLUTION. We use cylindrical co-ordinates, with the z-axis along: the axis of the pape 
When the pressure is uniform along the pipe, the deformation is a purely radial ctaplacement 
u, = u(r). Similarly to Problem 2, we have 


. 1 d(ru) 
divu = — = constant =: 2a. 


r dr 


Hence u = ar+b/r. The non-zero components of the strain tensor are (sce formulae (bE 4)) 
Ure = du/dr = a—b/r’, Ugg = u/r = a+-b/r?, From the conditions «,, 0 at + Ry, 
and o,, = —p at r = R,, we find 


pR? (1+0)(1—20) PRER? Ltou 
Oe R2R2 ——, R2 Re 


ft In Problems 4, 5 and 7 it is assumed that the length of the cylinder i maintained content, 1 
that there ia no Tongttucinal deformatron. 
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The stress distribution is given by the formulae 


Crr = 


pRi? Re? pr? Re? 
ea on gia) 
Re? — Ri? ay oe Ry 

Ozz = 2poRy?/(Re? — Rj?). 


y2 


ProsLeM 5. Determine the deformation of a cylinder rotating uniformly about its axis. 


SOLUTION. Replacing the gravitational force in (7.3) by the centrifugal force pQ?r (where 
Q is the angular velocity), we have in cylindrical co-ordinates the following equation for the 
displacement u, = u(r): 


E(Qi—c) d/l d(ru)\ _ 
(io\i—2e) ae dr )- er 


The solution which is finite for r = 0 and satisfies the condition o,, = 0 forr = Ris 


pQ2(1 + o)(1 — 20) 
= —~3RI-a) =a) r[(3 —20)R?—7?]. 


PROBLEM 6. Determine the deformation of a non-uniformly heated sphere with a spherically 
symmetrical temperature distribution. 


SoLuTION. In spherical co-ordinates, equation (7.8) for a purely radial deformation is 


1 A) a l+o dT 
s(4 dr nate) dr 


The solution which is finite for 7 = 0 and satisfies the condition o,, = 0 for r = R is 


l+o 


vn och LE fr are 2D 1 fey a} 


The temperature 7(r) is measured from the value for which the sphere, if uniformly heated, 
is regarded as undeformed. In the above formula the temperature in question is taken as that 
of the outer surface of the sphere, so that T(R) = 0. 


PROBLEM 7. The same as Problem 6, but for a non-uniformly heated cylinder with an 
axially symmetrical temperature distribution. 


SOLUTION. We similarly have in cylindrical co-ordinates 


Wim wat 
uU= “ 


| T(1)r dr+-(1—20)— | T(n)r ar| 


PROBLEM 8. Determine the deformation of an infinite elastic medium with a given tempera- 
ture distribution T(x, y, z) which is such that the temperature tends to a constant value Ty 
at infinity, there being no deformation there. 


SOLUTION. Equation (7.8) has an obvious solution for which curl u «= 0 and 


divu -- a(1 to) T(x, ¥, x) To]/3(1 0). 
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The vector u, whose divergence is a given function defined in all space and vanishing at 
infinity, and whose curl is zero identically, can be written, as we know from vector analysis, 
in the form 


di ? u - i f 
iv’ u(x’, y’, & ) ay? 
r 


? 


1 
u(x, y, z) = — zz erad{ 


where 


r= V{(x—-2' P+ (y—y/P+(2— 2". 


We therefore obtain the general solution of the problem in the form 


1 T’~—T, 
Acar Bn, grad i os 
12n(1—) 


dV’, (1) 
T 
wiere JT’ = T(x’, y’, 2’). 

If a finite quantity of heat q is evolved ina very small volume at the origin, the temperature 


distribution can be written T—T, = (q/C)8(x)8(y)8(z), where C is the specific heat of the 
melium. The integral in (1) is then g/Cr, and the deformation is given by 


_ ali+o)g fr 
oat 


PROBLEM 9. Derive the equations of equilibrium for an isotropic body (in the absence of 
body forces) in terms of the components of the stress tensor. 


SOLUTION. The required system of equations contains the three equations 
Oorz/Axz = 0 (1) 


and also the equations resulting from the fact that the six different components of 14x are 
not independent quantities. 'To derive these equations, we first write down the system of 
differential relations satisfied by the components of the tensor u;x. It is easy to see that the 
quantities 


1/0u; Cuz 
We Sh 
2 OxE Ox, 
satisfy identi ally the relations 
C2 ui Ot, Cun = ute 


OxjOXm  OxOxy = Ox~OXm Ox,Ox, 


Here there are only six essentially different relations, namely those corresponding to the fol- 
lowing values of i, k, 1, m: 1122, 1133, 2233, 1123, 2213, 3312. All these are retamed if the above 
tensor equation is contracted with respect to / and m: 


Ouy Ou = O2tagy 


Ox; OXE te Ox,OX] Ox,0x, ; 


(2) 
Substituting here ux in terms of ox according to (5.12) and using (1), we obtain the re- 
quired equations: 
Orr, 
(1 bolAog | a. i (3) 


ON ONE 


These equations remain valid in the presence of external forces constant throughout the body. 
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Contracting equation (3) with respect to the suffices cand A, we dina that A ogy QO, le. 
01, is a harmonic function. ‘Vaking the Laplaciin of equation (4), we then find that A Ave: - 9, 
i.e. the components o; are biharmonic functrons. "Phese results follow also from. (7.6) 
and (7.7), since ox and ux are linearly related. 


Prosiem 10. Express the general integral of the equations of equilibrium (in the absence 
of body forces) in terms of an arbitrary biharmonic vector (B. G. GALERKIN 1930). 


SoLUTION. It is natural to seek a solution of equation (7.4) in the form 
u = Af+A grad divf. 
Hence div u = (1-+.A) div Af. Substituting in (7.4), we obtain 
(1—20)A Af+ [2(1— 0) +1] grad div Af = 0. 


From this we see that, if f is an arbitrary biharmonic vector (A Af = 0), then 


1 
u= Af - Wi 8ra4 div f. 


Pronem Lf. Express the stresses o,,, og¢, rg for a plane deformation (in polar co-ordinates 
r, @) as derivatives of the stress function. 

SoLirrion, Since the required expressions cannut depend on the choice of the initial line 
of ¢, they do not contain ¢ explicitly. Hence we can proceed as follows: we transform the 
Cartesian derivatives (7.10) into derivatives with respect to 7, ¢, and use the results that 
Orr = (022) g—0, Gp = (cyy) pao, Ing = (ozy)g-0, the angle ¢ being measured from the x-axis. 


Thus 


Orr = 


Loy 1 dy a2y 7] A) 
+—+4+-—-—->—. al oy = — —I]—— I], 
ror rhage =| O# Ge? 18 | ag 


PROBLEM 12. Determine the stress distribution in an infinite elastic medium containing 
a spherical cavity and subjected to a homogeneous deformation at infinity. 


SoLuTION. A general homogeneous deformation can be represented as a combination of a 
homogeneous hydrostatic extension (or compression) and a homogeneous shear. The former 
has been considered in Problem 2, so that we need only consider a homogeneous shear. 

Tct ogg" be the homogeneous stress field which would be found in all space if the cavity 
were absent: in a pure shear oi! = 0. The corresponding displacement vector is denoted 
by ul) and we seek the required solution in the form u = u()-+u@), where the function u™) 
arising: from the presence of the cavity is zero at infinity. 

Any solution of the biharmonic equation can be written as a linear combination of centrally 
nymmetrical solutions and their spatial derivatives of various orders. The functions 73, 
r, 1, t/r are independent centrally symmetrical solutions. Hence the most general form of a 
biharmonic vector al), depending only on the components of the constant tensor aK!) 
as parameters and vanishing at infinity, is * 


(1) Aaj}. e (") +B (0) ue (") Cox) as 1 
uj = —| — -—_———|—] + ———r. 
: ae Ox r re OxjOX,OX] r “a Daitiede ( ) 


Substituting this expression in equation (7.4), we obtain 


(1-20) 2 = prt 20)0+ (A420) on™ ae 

—26)——— ¢ — — = [2(1—20)C+(A+2C) Joni ey D 
Oxy = Ox; Oxy OxjOxX,OX, 

whence A = —4C(1—¢). Two further relations between the constants A,B, Care obtained 


from the condition at the surface of the cavity: (aal | oan) — O fore > RR being the 
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radius of the cavity, the origin at its centre, and m a unit vector parallel to r). A somewhat 
lengthy calculation, using (1), gives the following values: 


B= CRJ5, — C = 5R1+0)/2E(7—50). 


The final expression for the stress distribution is 


vo = out S=20 (HY 3 (RY, 


7-560 \r 7—S5o0\r 


15 /R\3 R\2 
Si (=) o— (=) |(cufnam + o¢1nyny) + 
7—-—5o\r r 
15 R\8 R\2 
+ X7 50) =e a, | —53+7 (=) \ com! + 


3 ah oe 2) ae 
27 =Sa) (— —L40 (—) ikOlm’ Nm. 


In order to obtain the stress distribution for arbitrary o;x(° (not a pure shear), oi¢(" in 
this expression must be replaced by o¢x(°) —484% 0); and the expression 


R3 
hon Sie+- (Cu ~ 3mm) 
2r3 


corresponding to a deformation homogeneous at infinity (cf. Problem 2) must be added. We 
may give here the general formula for the stresses at the surface of the cavity: 


Ok | (1 — o)( 04%, — of mng — o¢{©nn;) + 


7—56 
Oo — 
+ opm nn mning — Com nm dix + arr, a —nnr) 


Near the cavity, the stresses considerably exceed the stresses at infinity, but this extends 
over only a short distance (the concentration of stresses). For example, if the medium is 
subjected to a homogeneous extension (only oz") different from zero), the greatest stress 
occurs on the equator of the cavity, where 


27—156 - 
Ozz = AiaSoy . 
§8. Equilibrium of an elastic medium bounded by a plane 


Let us consider an clastic medium occupying a half-space, i.e. bounded 
on one side by an infinite plane, and determine the deformation of the 
2 
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medium caused by forces applied to its free surface} ‘The distribution of 
these forces need satisfy only one condition: they must vanish at infinity in 
such a way that there is no deformation at infinity. In such a case the equa- 
tions of equilibrium can be integrated in a general form. 

The equation of equilibrium (7.4) holds throughout the space occupied 
by the medium: 


grad divu+(1—2c)Au = 0. (8.1) 


We seek a solution of this equation in the form 


u = f+gradd, (8.2) 


where ¢ is some scalar and the vector f satisfies LAPLACE’s equation: 
Af = 0. (8.3) 
Substituting (8.2) in (8.1), we then obtain the following equation for ¢: 
2(1 — o)A¢é = — dive. (8.4) 


We take the free surface of the elastic medium as the xy-plane; the medium 
is in g > 0. We write the functions f, and fy as the z-derivatives of some 
functions gx and gy: 


fe = 0g,/02, fy = O€y/ez. (8.5) 


Since f, and fy are harmonic functions, we can always choose the functions 
gz and gy so as to satisfy LAPLacr’s equation: 


A&gz = 0, Agy — 0. (8.6) 


Equation (8.4) then becomes 
0/0g, @ 
21~oab = — (Sea af). 


Since gx, gy and fz are harmonic functions, we easily see that a function 
¢ which satisfies this equation can be written as 


2 O22 fy 
d=- Gino aot ay) (8.7) 


where ys is again a harmonic function: 


Ad = 0. (8.8) 


+ The most direct and regular method of solving: this problem is to use Fourtea’s method on 
equation (8.1). In that case, however, some fairly complicated mtegraly have to be cafeulated. The 
method given below is based on a number of artificial devices, but the caleutatrona ate sinpler, 
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Thus the problem of determining the displacement u reduces to that 
of finding the functions gz, gy, fz, ys, all of which satisfy Lapiacr’s equation. 

We shall now write out the boundary conditions which must be satisfied at 
the free surface of the medium (the plane z = 0). Since the unit outward 
normal vector n is in the negative z-direction, it follows from the general 
formula (2.8) that o7z = —P;. Using for oj, the general expression (5.11) anil 
expressing the components of the vector u in terms of the auxiliary quantitie: 
£x;, &y, fz and, we obtain after a simple calculation the boundary condition: 


Fl... a Leta ai . ZL — (+4) +o 
= —2(1+0)P,/E, (8.9) 
2 fans = ifs 
ae z=0 - leant “3 a (F+F) al 
a 7 . 2(1 : o)Py/E, | 
Fata aa +l = -A1L+o)PJE. — (s.1u) 


The components Pz, Py, Pz of the external forces applied to the surface are 
given functions of the co-ordinates « and y, and vanish at infinity. 

The formulae by which the auxiliary quantities gz, gy, fz and ys were defined 
do not determine them uniquely. We can therefore impose an arbitrary 
additional condition on these quantities, and it is convenient to make tlic 
quantity in the braces in hae (8.9) vanish: 


, Sy 
(1—20)f,— +4(1— oe = (, (8.11) 
vey 
Then the conditions (8.9) become nee 
02 2(1+ 0 2 l+o 
| = — BETO) js] = ar >. (8.127) 
022 |z_0 E dz? |20 i: 


Equations (8.10)-(8.12) suffice to determine completely the harmonic 
functions gr, gy, fz and w. 

For simplicity, we shall consider the case where the free surface of an 
elastic half-space is subjected to a concentrated force F, te. one which ts 
applied to an area so small that it can be regarded as a point. “Vhe cllect of 
this force is the same as that of surface forces given by P = F8(x)s(y), the 
origin being at the point of application of the force. If we know the solution 
for a concentrated force, we can immediately find the solution for any force 
distribution P(x, y). For, if 


uy — Gi x, yy, z)F, (8. | 3) 


~ We shall not prove here that this condition can in fact be imposed; this follows front the abaenee 
of contradiction in the result. 
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is the displacement due to the action of a concentrated force F applied at 
the origin, then the displacement caused by forces P(x, y) is given by the 
integral 


ee | | Ginlx—x', y—y', 2)Pu(x", y') de’ dy’. (8.14) 


We know from potential theory that a harmonic function f which is zero 
at infinity and has a given normal derivative df/@z on the plane z = 0 is 


given by the formula 
1 ff | Of(x’, y’, =| dx’ dy’ 
Qi Oz z=0 Yr , 


fl, 9,2) 
Vi(e— 28+ (9-4 2}. 


Since the quantities ég,/0z, @g,/0z and that in the braces in equation (8.10) 
satisfy LAPLACE’s equation, while equations (8.10) and (8.12) determine the 
values of their normal derivatives on the plane z = 0, we have 


) 7) 0 1+ PAx’, y’ 
r 


where 


Y 


ox dy Oz aE 
l+o F, 

= ——.—, 8.15 

ae 7 ( ) 

Og2 lito Fe i aie (8.16) 


“Oz nE or’ oz rd 2 


where now r = +/(x?+/?+ 27). 

The expressions for the components of the required vector u involve the 
derivatives of gz, gy with respect to x, y, 2, but not gz, gy themselves. To 
calculate dg2/0x, Agy/dy, we differentiate equations (8.16) with respect to 
x and y respectively: 

Og Ito Fyx gy l+o Fy 


axdz mE ” dyer 7 nE” 


Now, integrating over x from © to 2, we obtain — 
gr lta Fyx 
‘Oxo E r(r+2) 
Ogy lto Fy 


oy — onE r(r+2) 


(8.17) 


We shall not pause to complete the remaining calculations, which are 
elementary but laborious. We determine fz and 05/02 from equations (8.11), 


+ In mathematical terms, Gi; is the Grien’s tensor for the equations of equilibrium of a semi-infinite 
medium. 
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(8.15) and (8.17). Knowing 0x/dz, it is easy to calculate 04/0x and dpjdy by 
integrating with respect to z and then differentiating with respect to x and y. 
We thus obtain all the quantities needed to calculate the displacement vector 
from (8.2), (8.5) and (8.7). The following are the final formulae: 


S| 2 Say Al-oyr+s 


Me OnE\L  r(r-+2) Wrta) 
nae FatFy)|, 
Eg ys —_ 


In particular, the displacement of points on the surface of the medium is 
given by putting z = 0: 


1+o1 (1—20)x 2ox 
2nrE r r2 
146 1 12 Z 
Uy = is -{- CEE 2(1—c)Fy+ = (Fat yFy)} (8.19) 
ig r Y 72 
1l+o1 
i; = - {2(4 — o)F,+(1—2c) - ~ (2Fe+yFy)}. 
onk 


PROBLEM 


Determine the deformation of an infinite elastic medium when a force F is applied to a 
small region in it. f 


SoLuTion. If we consider the deformation at distances r which are large compared with 
the dimension of the region where the force is applied, we can suppose that the force is 
applied at a point. The equation of equilibrium is (cf. (7.2)) 


1 
5, grad div u = — a ”) F5(2), (1) 


Autry 


where 8(r) = 8(x)8(y)8(z), the origin being at the point where the force is applied. We seck 
the solution in the form u = u,9+u,, where Up satisfies the Poisson-type equation 


2(1+ 0) r 
Au = — ———F6(r). (2) 
i 
¢ The corresponding problem for an arbitrary infinite anisotropic medium has been solved by 


I. M. Lirsurrz and 0... N. Rozenrsvide (Zhurnal éhsperimental not i teorcticheskas frsili U7, 783, 1947), 


bears 
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We then have for ui the equation 


grad div wi4+(1—2c)Au; = — grad div up. (3) 


The solution of equation (2) which vanishes at infinity is uo = (1+ 0)F/27Er. Taking the 
curl of equation (3), we have A\ curl ui = 0. At infinity we must have curl u1 = 0. Buta 
function harmonic in all space and zero at infinity must be zero identically. Thus curl ui = 0, 
and we can therefore write ur = grad ¢. From (3) we obtain grad {2(1—c) Ad+div uo} = 0. 
Hence it follows that the quantity in braces is a constant, and it must be zero at infinity; we 
therefore have in all space 


divu te a(t 
OPS ama aaa) (;) 


If is a solution of the equation Ay = 1/r, then 


Taking the solution bs = 47, which has no singularities, we obtain 


er epenc 2E i cad 
87E(1—o) rT 
where n is a unit vector parallel to the radius vector r. The final result is 
l+o (3—4c)F+n(n- F) 
vse aay 


On putting this formula into the form (8.13) we obtain the GREEN’s tensor for the equa- 
tions of equilibrium of an infinite isotropic medtum:+ 


1l+o P 1 
ik = wEI-o —4o)din+ nits) 
1 [ou 1 C2r 
~ ale ~ 4(1—a) a ' 


§9, Solid bodies in contact 


Let two solid bodies be in contact at a point which is not a singular point 
on either surface. Fig. la shows a cross-section of the two surfaces near 
the point of contact O. The surfaces have a common tangent plane at O, 
which we take as the xy-plane. We regard the positive z-direction as being 
into either body (i.e. in opposite directions for the two bodies) and denote 
the corresponding co-ordinates by 2 and 2’. 


+ The fact that the components of the tensor Gix are first-order homogencous functions of the co- 
ordinates x, y, 2 is evident from arguments of homogeneity applied to the form of equation (1), where 
the left-hand side is a linear combination of the second derivatives of the components of the vector u, 
and the right-hand side is a third-order homopencous function (S(ar) a 2 8(r)). 

This property remains valid ra che peneral case of an arbitrary antsobropre medtuar 


§9 Solid bodies in contact 31 


Near a point of ordinary contact with the xy-plane, the equation of the 
surface can be written 
B= KygryXpy (9.1) 


where summation is understood over the values 1, 2, of the repeated suflixes 
a, B (x1 = x, x2 = y), and x,, is a symmetrical tensor of rank two, which 
characterises the curvature of the surface: the principal valucs of the tensor 
Kap are 1/2R, and 1/2Re, where Rj and Re are the principal radii of curvature 
of the surface at the point of contact. A similar relation for the surface of 
the other body near the point of contact can be written 


B= Ky gX Xp. (9.2) 

Let us now assume that the two bodies are pressed together by applied 
forces, and approach a short distance h.t ‘Then a deformation occurs near 
the original point of contact, and the two bodies will be in contact over a 
small but finite portion of their surfaces. Let uz and u’z be the components 
(along the z and 2’ axes respectively) of the corresponding displacement 
vectors for points on the surfaces of the two bodies. The broken lines 


Fic. 1 


in Fig. 1b show the surfaces as they would be in the absence of any deforma 
tion, while the continuous lines show the surfaces of the deformed bodies; the 
letters x and z’ denote the distances given by equations (9.1) and (9.2). It 
is seen at once from the figure that the equation 


(2+ uz) +(2’+u’'z) = h, 
or 


(Kapt ap) XgXgtlztu'z = h, (9.3) 


f This contact problem in the theory of elasticity was fist solved by Gl. Divi. 
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holds everywhere in the region of contact. At points outside the region of 
contact, we have 
ste tuztu’, <h. 
We choose the x and y axes to be the principal axes of the tensor k,,+ K' ag: 
Denoting the principal values of this tensor by A and B,} we can rewrite 
equation (9.3) as 


Ax®+ By? +uzt+u’z = h. (9.4) 


We denote by P,({x, y) the pressure between the two deformed bodies at 
points in the region of contact; outside this region, of course P,=90. To 
determine the relation between P, and the displacements uz, u’z, we can 
with sufficient accuracy regard the surfaces as plane and use the formulae 
obtained in §8. According to the third of formulae (8.19) and (8.14), the 
displacement uz under the action of normal forces P,(x, y) is given by 


i 2 P . , 
Uz = e [JA dx’ dy’, 
ak r 


1 __ 2 P a ’ 
U's = 2 oe dx’ dy’, 
aE" r 


(9.5) 


where o, o’ and E, E’ are the Poisson’s ratios and the YounG’s moduli of the 
two bodies. Since Pz = 0 outside the region of contact, the integration ex- 
tends only over this region. It may be noted that, from these formulae, the 
ratio uz/u’z is constant: 


u,/u', = (1—02)E'/(1- 0'2)E. (9.6) 


The relations (9.4) and (9.6) together give the displacements #2, u’, at every 
point of the region of contact (although (9.5) and (9.6), of course, relate to 
points outside that region also). 

Substituting the expressions (9.5) in (9.4), we obtain 


(A AGF) [Ae ie h Ax2 By2 (9.7) 
= _. dx = — xe ° 
-(— a : “y = “y 


+ The quantities A and B are related to the radii of curvature R,, Ry and R’,, R’, by 


> A 
A+B) = —+—+— 


Ri Rp Ri, R2 
2 cos 24 1 1 1 1 
+2 cos 2¢{— — ———}, 
R Re] \R  R’e 
where ¢ is the angle between the normal sections whose radii of curvature are Ry and R’y. 


The radii of curvature are reparded aa positive if the centre of curvature lies within the body con- 
cerned, and negative in the contrary cme. 
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This integral equation determines the distribution of the pressure P, over 
the region of contact. Its solution can be found by analogy with the following 
results of potential theory. The idea of using this analogy arises as follows: 
firstly, the integral on the left-hand side of equation (9.7) is of a type com- 
monly found in potential theory, where such integrals give the potential of a 
charge distribution; secondly, the potential inside a uniformly charged 
ellipsoid is a quadratic function of the co-ordinates. 

If the ellipsoid x?/a? + y2/b? + 22/c2 = 1 is uniformly charged (with volume 
charge density p), the potential in the ellipsoid is given by 


p(x, y> 2) 


d 
= npabe | SO te age a eee sorta Seviee 
F PLE Mee Cte haf +Oe rere} 
In the limiting case of an ellipsoid which is very much flattened in the 
z-direction (c > 0), we have 


r x x ! dé 


(x, y) = we BE BFE (2+ H+ HG 


in passing to the limit c > 0 we must, of course, put z = 0 for points inside 
the ellipsoid. The potential d(x, y, z) can also be written as 


7 dx’ dy’ de’ 
a a J J J Vi(x—x' P+ (y—y' Pt (22 


where the integration is over the volume of the ellipsoid. In passing to the 
limit ¢ + 0, we must put z = 2’ = 0 in the radicand; integrating over 2’ 
between the limits 


+ en/{1 — (x'2/a) — (y'2/b?)}, 
ss) = ff Jf. 2), 


r= Vex Pr oy) 


we obtain 


where 


and the integration is over the area inside the cllipse 


a aes eA | oe 
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Equating the two expressions for ¢(x, y), we obtain the identity 


dx’ dy’ (1 x’? =) 
J r | aa b2 


s ie caper ie Seen ee 
- iad a+é ia) ee ETOH aoe 


Comparing this relation with equation (9.7), we see that the right-hand 
sides are quadratic functions of x and y of the same form, and the left-hand 
sides are integrals of the same form. We can therefore deduce immediately 
that the region of contact (i.e. the region of integration in (9.7)) is bounded 
by an ellipse of the form 


x2 2 
Sal (9.9) 
and that the function P,(x, y) must be of the form 
x22 
P(x, y) = constant x J (3 a ae ae 


Taking the constant such that the integral [fP, dx dy over the region of 
- contact is equal to the given total force F which moves the bodies together, 
we obtain 


3F xe oy? 10 
PEs —/ (1 -=- *). (9.10) 


This formula gives the distribution of pressure over the area of the region of 
contact. It may be pointed out that the pressure at the centre of this region 
is 3 times the mean pressure F'/7ab. 

Substituting (9.10) in equation (9.7) and replacing the resulting integral 
in accordance with (9.8), we obtain 


FDP x2 y 
2 (1 -=5- at) dé/4/{(a2-+ £)(B2+ 28} 
ye es 


where 


This equation must hold identically for all valucs of x and y inside the 
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ellipse (9.9); the coefficients of x and y and the free terms must therefore be 
respectively equal on each side. Hence we find 


sas eee een 9.11) 
aor f Vat E+ Hey " 
45D f en, oe 
m J (a+ Ey {(a? + E(B + ey (9.12) 


FD? dé 
|; eeses | ee a ete 
m J (B+ E)/{(a? + €)(b? + £)8} 


Equations (9.12) determine the semi-axes a and b of the region of contact 
from the given force F (A and B being known for given bodies). ‘Ihe 
relation (9.11) then gives the distance of approach h as a function of the foree 
F. The right-hand sides of these equations involve elliptic integrals. 

Thus the problem of bodies in contact can be regarded as completely 
solved. ‘The form of the surfaces (i.e. the displacements uz, w’z) outside the 
region of contact is determined by the same formulae (9.5) and (9.10); the 
values of the integrals can be found immediately from the analogy with the 
potential outside a charged ellipsoid. Finally, the formulae of §8 enable us to 
find also the deformation at various points in the bodies (but only, of course, 
at distances small compared with the dimensions of the bodies). 

Let us apply these formulae to the case of contact between two spheres of 
radii R and R’. Here A = B = 1/2R+1/2R’. It is clear from symmetry 
that a = 5, ie. the region of contact is a circle. From (9.12) we find the 
radius a of this circle to be 


a = FU3{DRR'/(R+R’)}18, (9.13) 


h is in this case the difference between the sum R+R’ and the distance be- 
tween the centres of the spheres. From (9.10) we obtain the following 
relation between F and h: 


1 1\713 
k= rea| pe(— +) | : 9.14 
R R’ ( ) 
It should be noticed that # is proportional to F2/3; converscly, the force ° 


varies as h/2, We can write down also the potential energy U of the spheres 
in contact. Since —F = —d@U/dh, we have 


2 7) RR’ 
U = pn | a (9.15) 
+ 


Finally, it may be mentioned that a relation of the form / = constant x 2/3, 
or # = constant x h3/2, holds not only for spheres but also for other finite 
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bodies in contact. This is easily seen from similarity arguments. If we make 
the substitution 


a —> xa’, b2 -> ab?, F -> o3/F, 


where « is an arbitrary constant, equations (9.12) remain unchanged. In 
equation (9.11), the right-hand side is multiplied by «, and so A must be 
replaced by ah if this equation is to remain unchanged. Hence it follows 
that F must be proportional to A%”. 


PROBLEMS 
ProsieM 1. Determine the time for which two colliding elastic spheres remain in contact. 


SoLution. In a system of co-ordinates in which the centre of mass of the two spheres is 
at rest, the energy before the collision is equal to the kinetic energy of the relative motion 
$v", where v is the relative velocity of the colliding spheres and » = mym,/(m,-+-m,) their 
reduced mass. During the collision, the total energy is the sum of the kinetic energy, which 
may be written uh, and the potential energy (9.15). By the law of conservation of energy 


we have 
4 RR’ 
SDN R+R 
The maximum approach hy of the spheres corresponds to the time when their relative velocity 


h = 0, and is ho = (u/k)*/*u"/®. 
The time + during which the collision takes place (i.e. h varies from 0 to hy and back) is 


hy 1 
dh p2\ Vs dx 
r= 2/7 = (4) [oe 
J V@—hi8®p) Vo) a8) 


dh\? 5/2 2 
(>) +kh = pv", k 


or 


key 


By using the statical formulae obtained in the text to solve this problem, we have neglected 
elastic oscillations of the spheres resulting from the collision. If this is legitimate, the velocity 
v must be small compared with the velocity of sound. In practice, however, the validity of 
the theory is limited by the still more stringent requirement that the resulting deformations 
should not exceed the elastic limit of the substance. 


Propiem 2. Determine the dimensions of the region of contact and the pressure distri- 
bution when two cylinders are pressed together along a generator. 


SoLUTION. In this case the region of contact is a narrow strip along the length of the 
cylinders. Its width 2a and the pressure distribution across it can be found from the formulae 
in the text by going to the limit b/a + oo. The pressure distribution will be of the form 
P.(x) = constant x »/(1 —x?/a”), where x is the co-ordinate across the strip; normalising 
the pressure to give a force F per unit length, we obtain 


P(x) = at (1 = “). 


Substituting this expression in (9.7) and effecting the integration by means of (9.8), we have 


aL dé SDF 


(a2 | & 826 32a® 


3m, 
0 
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One of the radii of curvature of a cylindrical surface is infinite, and the other is the radius 
of the cylinder; in this case, therefore, A = 1/2R+1/2R’, B = 0. We have finally for the 


width of the region of contact 
/ (<— RR’ 
a= -_——- }. 
37 CO R+R’ 


§10. The elastic properties of crystals 


The change in the free energy in isothermal compression of a crystal is, as 
with isotropic bodies, a quadratic function of the strain tensor. Unlike what 
happens for isotropic bodies, however, this function contains not just two 
coefficients, but a larger number of them. The general form of the free eneryry 
of a deformed crystal is 


F = 3Niximtixtim, (10.1) 


where Ayxm is a tensor of rank four, called the elastic modulus tensor. Since 
the strain tensor is symmetrical, the product ujxt7m is unchanged when the 
suffixes 7, k, or 1, m, or i, land k, m, are interchanged. Hence we sce that the 
tensor Ajxm can be defined so that it has the same symmetry propertics: 


Nkim = Akitm = Mem = Armix- (10.2) 


A simple calculation shows that the number of different components of a 
tensor of rank four having these symmetry properties is in general 21. 

In accordance with the expression (10.1) for the free energy, the stress 
tensor for a crystal is given in terms of the strain tensor by 


oie = OF [Our = NxtmUim3 (10.3) 


cf. also the last footnote to this section. 

If the crystal possesses symmetry, relations exist between the various 
components of the tensor Aixzm, so that the number of independent com 
ponents is less than 21. 

We shall discuss these relations for each possible type of macroscopu 
symmetry of crystals, i.e. for each of the crystal classes, dividing these into the 
corresponding crystal systems. 

(1) Triclinic system. Triclinic symmetry (classes Cy and Cj) does not place 
any restrictions on the components of the tensor Aizim, and the system of co 
ordinates may be chosen arbitrarily as regards the symmetry. All the ?I 
moduli of elasticity are non-zero and independent. However, the arbitrariness 
of the choice of co-ordinate system enables us to impose additional conditions 
on the components of the tensor Agx zm. Since the orientation of the co-ordinate 
system relative to the body is defined by three quantitics (angles of rotation), 
there can be three such conditions; for example, three of the components may 
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be taken as zero. Then the independent quantitics which describe the clastic 
properties of the crystal will be 18 non-zero moduli and 3 angles defining the 
orientation of the axes in the crystal. 


(2) Monoclinic system. Let us consider the class C's; we take a co-ordinate 
system with the xy-plane as the plane of symmetry. On reflection in this 
plane, the co-ordinates undergo the transformation x > x, y > y, 3 > —2. 
The components of a tensor are transformed as the products of the corres- 
ponding co-ordinates. It is therefore clear that, in the transformation men- 
tioned, all components Ayzym whose suffixes include z an odd number of 
times (1 or 3) will change sign, while the other components will remain un- 
changed. By the symmetry of the crystal, however, all quantities characterising 
its properties (including all components Ajxim) must remain unchanged on 
reflection in the plane of symmetry. Hence it is evident that all components 
with an odd number of suffixes z must be zero. Accordingly, the general 
expression for the elastic free energy of a crystal belonging to the monoclinic 
system 1s 


F = dgeertten® + dXdyyyyttyy” Se dAzzelze” + Aracyytaatlyy + Agezellegzz + 
a Ayyeettyytlzz a 2Aryxytry” + QAzzaztlaz? + 2Ayzyztlyz” za 2Agrrytlaatlay =F 
+ Wyyyrttyylya + 2Agyzatlayllze + tNarzyellactlye- (10.4) 


This contains 13 independent coefficients. A similar expression is obtained 
for the class Cs, and also for the class Cop, which contains both symmetry 
elements (Cz and op). In the argument given, however, the direction of only 
one co-ordinate axis (that of z) is fixed; those of x and y can have arbitrary 
directions in the perpendicular plane. ‘This arbitrariness can be used to make 
one coefficient, say Axyzz, vanish by a suitable choice of axes. Then the 13 
quantities which describe the elastic properties of the crystal will be 12 non- 
zero moduli and one angle defining the orientation of the axes in the xy-plane. 

(3) Orthorhombic system. In all the classes of this system (C2y, Dz, Dex) the 
choice of co-ordinate axes is determined by the symmetry, and the expression 
obtained for the free energy is the same for each class. . 

Let us consider, for example, the class Do,; we take the three planes of 
symmetry as the co-ordinate planes. Reflections in each of these planes are 
transformations in which one co-ordinate changes sign and the other two 
remain unchanged. It is evident therefore that the only non-zero components 
Nikim are those whose suffixes contain each of x, y, z an even number of times; 
the other components would have to change sign on reflection in some plane 
of symmetry. Thus the general expression for the free energy in the ortho- 
rhombic system is 


F= terete” “FF dAryyyytlyy* + dXzzzetlz2” 7 Acayylleatlyy + Xxreectle, + 


+ Ayyzetlyylzz -++ WAzgyxytry” + DAgeelies” ++ 2Ayzyztlyz- (10.5) 


It contains nine moduli of elasticity. 
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(4) Tetragonal system. Let us consider the class Cay; we take the axis Cy 
as the z-axis, and the x and y axes perpendicular to two of the vertical 
planes of symmetry. Reflections in these two planes signify transformations 


x > —x, y 9, Bie 
and 
x —>X, yoy, Z>83 


all components Aj;zzm with an odd number of like suffixes therefore vanish. 
Furthermore, a rotation through an angle 17 about the axis Cy is the trans- 
formation 


xy, Vv > —x, Z>28. 
Hence we have 


Arexe ra Ayyyy, Arzzz = Ayyzzy Nrzuz a Ayzyz- 


The remaining transformations in the class C4, do not give any furthes 
conditions. Thus the free energy of crystals in the tetragonal system is 


F= tXaxre(Ure” + Uyy”) + dXzzz2llze” - Axxec(Uxallez or UyyUzz) I 
+ Arcyytzctlyy cs 2rzxyrytzy” F Aezed Ure ro Uyz”). ( 10.6) 
It contains six moduli of elasticity. 


A similar result is obtained for those other classes of the tetragonal system 
where the natural choice of the co-ordinate axes is determined by symmetry 
(Dea, Da, Dan). In the classes Cy, $4, Cay, on the other hand, only the choice 
of the z-axis is unique (along the axis Cy or Sa). The requirements of symmet ry 
then allow a further component Agzzy = —Ayyyz in addition to those which 
appear in (10.6). ‘These components may be made to vanish hy suitably 
choosing the directions of the x and y axes, and F then reduces to the form 


(10.6). 


(5) Rhombohedral system. Let us consider the class C3y; we take the third. 
order axis as the z-axis, and the y-axis perpendicular to one of the vertical 
planes of symmetry. In order to find the restrictions imposed on the com 
ponents of the tensor Ajzim by the presence of the axis C3, it is convenient 
to make a formal transformation using the complex co-ordinates & x | ry, 
» = x—1y, the z co-ordinate remaining unchanged. We transform the 
tensor Ajxzm to the new co-ordinate system also, so that its suflixes take the 
values £, 7, 2. It is easy to see that, in a rotation through 27/3 about the 
axis C3, the new co-ordinates undergo the transformation & -> f¢?t/3, 
n > ne2rt/3, x > z, By symmetry only those components Ajgnm which are 
unchanged by this transformation can be different from zero. ‘These com- 
ponents are evidently the ones whose suffixes contain three times, or 1) 
three times (since (¢27#/3)3 = ¢2n¢ =: 1), or € and y the same number of times 
(since ¢27t/3e-2-t/3 — 1), i.e. Azezz, Moin Ni iyay ety eee AED OALT ER <Aawuss 
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Furthermore, a reflection in the symmetry plane perpendicular to the y-axis 
gives the transformation x > x, y > —y, x -> 2, or € >, 7 > & Since 
Agegz becomes 4,42 in this transformation, these two components must be 
equal. Thus crystals of the rhombohedral system have only six moduli of 
elasticity. In order to obtain an expression for the free energy, we must form 
the sum 4Ajx1mtéixttim, in which the suffixes take the values €, 7, 2; since F 
is to be expressed in terms of the components of the strain tensor in 
the co-ordinates x, y, 2, we must express in terms of these the components 
in the co-ordinates ¢, 7, z. This is easily done by using the fact that the 
components of the tensor uj, transform as the products of the corresponding 
co-ordinates. For example, since 


&2 = (x+1y)? = x2— y+ 2ixy, 
it follows that 


: Ure — Ugg —Uyy+ 2iuzy. 
Consequently, the expression for F is found to be 


F = dAzazallze” + Arg pen Uae + Uyy)* + Neen (Wan = Uyy)* + Atzy?} + 
i 2Arnze(Uxe + Uyy)Uzz af 4 cene(Uxe" + Uyz") + AN cce{(Uxe _ yy )Uxz _ 2uUgytlyz}. 
(10.7) 


This contains 6 independent coefficients. A similar result is obtained for the 
classes D3 and Dgq, but in the classes C3 and Sg, where the choice of the x and y 
axes remains arbitrary, requirements of symmetry allow also a non-zero value 
of the difference Agerz—Ayyyz. This, however, can be made to vanish by a 
suitable choice of the x and y axes. 


(6) Hexagonal system. Let us consider the class Cg; we take the sixth- 
order axis as the z-axis, and again use the co-ordinates € = x+1y, 9 = x—ty. 
In a rotation through an angle 47 about the z-axis, the co-ordinates €, 7 
undergo the transformation & -> £e7#/3, 7 -> ne~7#/3, Hence we see that only 
those components Axim are non-zero which contain the same number of 
suffixes € and 7. These are Azzzz, Xenem Neng» Agyze Agene Other symmetry 
elements in the hexagonal system give no further restrictions. There are 
therefore only five moduli of elasticity. The free energy is 


F = 3Nzzzetlzn® + gue, (Waa + Uyy)” + Ageng| (Uae Uyy)? + ay?) + 
+ WN eyoaltze(Uce + Uyy) + 4Aczqe(Uae? + Uyz”). (10.8) 
It should be noticed that a deformation in the xy-plane (for which uzz, 
uyy and uzy are non-zero) is determined by only two moduli of elasticity, 
as for an isotropic body; that is, the elastic properties of a hexagonal crystal 
are isotropic in the plane perpendicular to the sixth-order axis. 
For this reason the choice of axis directions in this plane is unimportant and 


does not affect the form of F. The expression (10.8) therefore applies to all 
classes of the hexagonal system. 
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(7) Cubic system. We take the axes along the three fourth-order axes of 
the cubic system. Since there is tetragonal symmetry (with the fourth-order 
axis in the z-direction), the number of different components of the tensor 
Azim is limited to at most the following six: Azzrx, Azzzz Axazz, Axxyy, Axuxw 
Azzrz- Rotations through 37 about the x and y axes give respectively the 
transformations x >x, y > —2, 2 >y, and x > 2, y>y, z > --x. ‘The 
components listed are therefore equal in successive pairs. Thus there remain 
only three different moduli of elasticity. ‘The free energy of crystals of the 
cubic system is 


F = bgara(uex? + Uyy? + Uz2") + Azayy(Uxatlyy + Urgllez + Uyyllzz) + 


ze Aeyry(Uxy* + Ugg" + Uyz*). ( 10.9) 


We may recapitulate the number of independent parameters (elastic moduli 
or angles defining the orientation of axes in the crystal) for the classes of the 
various systems: 


Triclinic 21 
Monoclinic 13 
Orthorhombic 9 
Tetragonal (C4, S4, Cay) : 
Tetragonal (C4, Deg, Da, Dan) 6 
Rhombohedral (C3, S¢) 7 
Rhombohedral (C3y, D3, D3) 6 
Hexagonal 5 
Cubic 3 


The least number of non-zero moduli that is possible by suitable choice of 
the co-ordinate axes is the same for all the classes in each system: 


Triclinic 18 
Monoclinic 12 
Orthorhombic 9 
Tetragonal 6 
Rhombohedral 6 
Hexagonal 5 
Cubic 3 


All the above discussion relates, of coursc, to single crystals. Polycrystalline 
bodies whose component crystallites are sufliciently small may be reparded 
as isotropic bodies (since we are concerned with deformations in regions 
large compared with the dimensions of the crystallites). Like any isotropic 
body, a polycrystal kas only two moduli of clasticity. It might be thought at 
first sight that these moduli could be obtained from those of the individual 
crystallites by simple averaging. ‘his is not so, however. If we regard the 
deformation of a polyerystal as the result of a deformation of its component 
crystallites, it would in principle be necessary to solve the equations of 
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equilibrium for every crystallite, taking into account the appropriate boun- 
dary conditions at their surfaces of separation. Hence we see that the relation 
between the elastic properties of the whole crystal and those of its component 
crystallites depends on the actual form of the latter and the amount of correla- 
tion of their mutual orientations. There is therefore no general relation 
between the moduli of elasticity of a polycrystal and those of a single crystal 
of the same substance. 

The moduli of an isotropic polycrystal can be calculated with fair accuracy 
from those of a single crystal only when the elastic properties of the single 
crystal are nearly isotropic.} In a first approximation, the moduli of elasticity 
of the polycrystal can then simply be put equal to the “isotropic part” of the 
moduli of the single crystal. In the next approximation, terms appear which 
are quadratic in the small “anisotropic part” of these moduli. It is foundt 
that these correction terms are independent of the shape of the crystallites 
and of the correlation of their orientations, and can be calculated in a general 
form. 

Finally, let us consider the thermal expansion of crystals. In isotropic 
bodies, the thermal expansion is the same in every direction, so that the 
strain tensor in free thermal expansion is (see §6) wiz = 40(T’— To)8ix, where 
a is the thermal expansion coefficient. In crystals, however, we must put 


try = houx(T— To), (10.10) 


where oz is a tensor of rank two, symmetrical in the suffixes 7 and k. Let us 
calculate the number of independent components of this tensor in crystals 
of the various systems. The simplest way of doing this is to use the result of 
tensor algebra that to every symmetrical tensor of rank two there corresponds 
a tensor ellipsoid.§ It follows at once from considerations of symmetry that, 
for triclinic, monoclinic and orthorhombic symmetry, the tensor ellipsoid has 
three axes of different length. For tetragonal, rhombohedral and hexagonal 
symmetry, on the other hand, we have an ellipsoid of revolution (with its 
axis of symmetry along the axes C4, C3 and C¢ respectively). Finally, for cubic 
symmetry the ellipsoid becomes a sphere. An ellipsoid of three axes is 
determined by three quantities, an ellipsoid of revolution by two, and a 
sphere by one (the radius). Thus the number of independent components 
of the tensor a; in crystals of the various systems is as follows: triclinic, 
monoclinic and orthorhombic, 3; tetragonal, rhombohedral and hexagonal, 2; 
cubic, 1. 

Crystals of the first three systems are said to be déaxial, and those of the 
second three systems uaiaxial. It should be noticed that the thermal expan- 
sion of crystals of the cubic system is determined by one quantity only, i.e. 
they behave in this respect as isotropic bodies. 


t For a “nearly isotropic” cubic crystal (e.g.), the difference Agrrr —Agryy— 2Axyxy Must be small, 
tI.M. Liesuirz and LN. Rozunrsvila, Zhurnal dks perimental nol i teoreticheskol fiziki 16, 967, 1946, 
§ Determined by the equation oj ,ayx% I. 
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PROBLEM 
Determine the Younc’s modulus of a cubic crystal as a function of direction. 


SOLUTION. We take the axes of co-ordinates along the three axes of the fourth order. [uct 
the axis of a rod cut from the crystal be in the direction of the unit vector n. "The stress 
tensor o;x% in the extended rod must satisfy the following conditions: when oix is multiplied 
by 7;, the resulting extension force must be parallel to n (condition at the ends of the rod); 
when it is multiplied by a vector perpendicular to n, the result must be zero (condition on the 
sides of the rod). Such a tensor must be of the form oix = pnjynx, where p is the extension 
force per unit area of the ends of the rod. Calculating the components oiz by means of the 
expression (10.9) for the free energy} and comparing them with the formulae ojx == prjnx, 
we find the components of the strain tensor to be 


? (c1 + 2c2)nNz? — 2 
(c1—¢2)(e1 + 2c9)’ 


and similarly for the remaining components. Here we have put Agrrz = Cy, Arryy > ¢: 


Uza = Ugy = pngNy/2cs, 


Aryzy == Cg. 

The relative longitudinal extension of the rod is u = (di’—dl)/dl, where dl’ is piven by 
formula (1.2) and dx,/dl = n;. For small deformations this gives u = u:xning. The Younc:’s 
modulus is determined by the coefficient of proportionality in p = Eu, and is 


E=| oe +(— : J(x ny? + nzng2 +n ént)| 
(cit 2ca\(er—c2)  \eg cy egh 


E has extremum values in the directions of the edges (i.e. of the co-ordinate axes) and of the 
spatial diagonals of the cube. 

J In calculating o,;, the following fact must be borne in mind. If we effect the calculation, not 
directly from the formulae oi% = A:z1muim, but by differentiation of the expression for the free eneryy 
with respect to the components of the tensor uj, the derivatives with respect to u;z, with i +: k pive 
twice the values of the corresponding components o;x. This is because the expressions oj, — OF {Onda 
are meaningful only as indicating that dF = ojx duix; in the sum o;% dug,, however, the term in the 
differential du;z for each component with i + & of the symmetrical tensor uj; appears twice. 


CHAPTER II 


THE EQUILIBRIUM OF RODS AND PLATES 


§11. The energy of a bent plate 


In this chapter we shall study some particular cases of the equilibrium of 
deformed bodies, and we begin with that of thin deformed plates. When we 
speak of a thin plate, we mean that its thickness is small compared with its 
dimensions in the other two directions. The deformations themselves are 
supposed small, as before. In the present case the deformation is small if the 
displacements of points in the plate are small compared with its thickness. 

The general equations of equilibrium are considerably simplified when 
applied to thin plates. It is more convenient, however, not to derive these 
simplified equations directly from the general ones, but to calculate afresh 
the free energy of a bent plate and then vary that energy. 

When a plate is bent, it is stretched at some points and compressed at 
others: on the convex side there is evidently an extension, which decreases 
as we penetrate into the plate, finally becoming zero, after which a gradually 
increasing compression is found. ‘The plate therefore contains a neutral 
surface, on which there is no extension or compression, and on opposite sides 
of which the deformation has opposite signs. ‘The neutral surface clearly 
lies midway through the plate. 
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We take a co-ordinate system with the origin on the neutral surface and the 
z-axis normal to the surface. The xy-plane is that of the undeformed plate. 
We denote by £ the vertical displacement of a point on the neutral surface, 
ie. its z co-ordinate (Fig. 2). The components of its displacement in the 
«y-plane are evidently of the second order of smallness relative to 2, and can 
therefore be put equal to zero. Thus the displacement vector for points on the 
neutral surface is 


1, = 1% = 0, uf = Lx, 9). (11.1) 
4d 


§il The energy of a bent plate 45 


For further calculations it is necessary to note the following property of 
the stresses in a deformed plate. Since the plate is thin, comparatively small 
forces on its surface are needed to bend it. These forces are always consider- 
ably less than the internal stresses caused in the deformed plate by the ex- 
tension and compression of its parts. We can therefore neglect the forces 1’; 
in the boundary condition (2.8), leaving oinz = 0. Since the plate is only 
slightly bent, we can suppose that the normal vector n is along the z-axis. 
Thus we must have on both surfaces of the plate og2 = oyz = ozz = 0. Since 
the plate is thin, however, these quantities must be small within the plate 
if they are zero on each surface. We therefore conclude that the components 
Oxz» Syz, Fzz are small compared with the remaining components of the stress 
tensor everywhere in the plate. We can therefore equate them to zero and 
use this condition to determine the components of the strain tensor. 

By the general formulae (5.13), we have 


E E 
= U ) = — YY ’ 
Ozg Lie 2x Ozy ie zy 
‘ (11.2) 
= —————_{(1 — o)uzz+ o(uzgtUyy)}- 
Ozz (Grad a2a o)Uzz + o(Uxe yy)} 
Equating these expressions to zero, we obtain du,/éz = — 0u,/0x, 
Ouy/dz = — Ouz[dy, Uzzg = —o(Uzet+Uyy)/(1—o). In the first two of these 


equations uz; can, with sufficient accuracy, be replaced by C(x, y):duz/0z - 
— 0C/Ox, Guy/0z = — 0l/dy, whence 

Ug = —2z OC/ex, Uy = — zalfoy. (11.3) 
The constants of integration are put equal to zero in order to make 

Ug = uy = 0 for z = 0. 
Knowing uz and uy, we can determine all the components of the strain 
tensor: 
Ug, = —202l/0x?, Uyy = —20?C/dy?, Ugy = — 20°L/dxdy, 

o (< =) (11.4) 


Uge = Uyz= 0, ge = —— 2 ae dy 


We can now calculate the free energy F per unit volume of the plate, using 
the general formula (5.10). A simple calculation gives the expression 


E 1 at azt\2 a2 \2 a2 a2zv 
rea (Se (SS) ERTS 
1+o(2(1—o) \ dx? dy? axdy Ox dy? 
The total free energy of the plate is obtained by integrating over the volume. 
The integration over z is from -- 4h to 4 4h, where A is the thickness of the 
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plate, and that over x, y is over the surface of the plate. ‘he result is that 
the total free energy Fy = JF dV of a deformed plate is 


fa = anal [Geral 
+aa—a{(=) ral dy; (11.6) 


the element of area can with sufficient accuracy be written as dx dy simply, 
since the deformation is small. 

Having obtained the expression for the free energy, we can regard the plate 
as being of infinitesimal thickness, i.e. as being a geometrical surface, since 
we are interested only in the form which it takes under the action of the 
applied forces, and not in the distribution of deformations inside it. The 


quantity ¢ is then the displacement of points on the plate, regarded as a surface, 
when it is bent. 


§12. The equation of equilibrium for a plate 


The equation of equilibrium for a plate can be derived from the condition 
that its free energy is a minimum. T’o do so, we must calculate the variation 
of the expression (11.6). 

We divide the integral in (11.6) into two, and vary the two parts separately. 
‘The first integral can be written in the form S(A 9? df, where df = dx dy 
is a surface element and A = @2/dx2+ d?/dy? is here (and in §§13, 14) the 
two-dimensional Laplacian. Varying this integral, we have 


8af(Ad? df = [atase df 
= [Ag div grad 8f df 
= [div(Af grad dz) df— [grad8¢- grad AL df. 


All the vector operators, of course, relate to the two-dimensional co-ordinate 
system (x, y). The first integral on the right can be transformed into an 
integral along a closed contour enclosing the plate :+ 
[div (Af grad8y) df = fp Al(m- grads dl 
d5¢ 
= $ Al— dl, 
On 


where @/0n denotes differentiation along the outward normal to the contour. 


J The transformation formula for two-dimensional integrals is exactly analogous to the one for three 
dimensions. The volume element dV is replaced by the surface element df (a scalar), and the surface 
element df is replaced by a contour element di multiplied by the vector n along the outward normal to 
the contour. The integral over df is converted into one over di by replacing the operator dfé/ ax. by 
md/. Por instance, if is a scalar, we have [grad pdf ban dl. 
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In the second integral we use the same transformation to obtain 
[grad 8¢- grad AC df = [div (8 grad Ad) df— facare af 
os pe : oa Ab) dl— [8LA2% df 
= fare Sal [atare af 
Substituting these results, we find that 
a fianrar= fotars ar far ans § oc at (12.1) 


The transformation of the variation of the second integral in (11.6) 1: 
somewhat more lengthy. This transformation is conveniently effected in 
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components, and not in vector form. We have 


| (s) - seal 


fez al RL a2SL — 


Oxdy Oxdy dx% ay? Ox2 dy? 
The integrand can be written 
0 (08f 02 08f 022, 0 /adf a8 a8f a2t 
sal ay Bedy ~ ae 39 las cay oe) 


i.e. as the (two-dimensional) divergence of a certain vector. The variation 
can therefore be written as a contour integral: 


(SE ES fant A M, 


08l a? asl a2 
+f dl cos af a as: — piace “i. (12.2) 
dy daxdy Ox dy? 


dy axdy dx dy? 


where @ is the angle between the x-axis and the normal to the contour (Fig. 3). 
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The derivatives of 5¢ with respect to x and y are expressed in terms of 
its derivatives along the normal n and the tangent 1 to the contour: 


7) 
= COS pe — sin d—, 
ax on al’ 


7) 
— = sinf— +cosé—. 
oy on al 


Then formula (12.2) becomes 


(Ge) - Bal 


cd oC as aC 
= *) d/— (2 sin @ cos —sin?6—- — cos?@—}+ 
on dxd Ox dy? 
aol al a2 a2 
so a sin 8 cos 6{ ——- — — a COS se EY) ce : 
al oy2 ax? xoy 


The second integral may be integrated by parts. Since it is taken along a 
closed contour, the limits of integration are the same point, and we have 
simply 

at L 


7) a2¢ 
_ p dl 5t—_[sin 0 cos ( — =) + con sini) 
al dy? ax Oxdy 


Collecting all the above expressions and multiplying by the coefficients 
shown in formula (11.6), we obtain the following final expression for the 
variation of the free energy: 


Shp ie nam [reser 
~ fat ai + aos {sind cos o( =) 


gga One 
+ (cos? — sint6) | + 
wey 


066 : are 
+m — dl Af+(1—){ 2 sin 6 cos 6 - 
On Oxdy 
a2 aC 
—sin26d— — cos?§— (12.3) 
Ox dy? 


In order to derive from this the equation of equilibrium for the plate, we 
must equate to zero the sum of the variation 6/ and the variation 5U of the 
potential energy of the plate due to the external forces acting on it. This 
latter variation is minus the work done by the external forces in deforming the 
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plate. Let P be the external force acting on the plate, per unit areca] and 
normal to the surface. Then the work done by the external forces when the 
points on the plate are displaced a distance 8 is JP8¢ df. ‘Thus the condition 
for the total free energy of the plate to be a minimum is 


SFp— | P8¢ df = 0. (12.4) 


On the left-hand side of this equation we have both surface and contour 
integrals. The surface integral is 


The variation 8f in this integral is arbitrary. The integral can therefore 
vanish only if the coefficient of 5f is zero, i.e. 


Eh 


AGO A) Reet + 
ini) P=0. (12.5) 
This is the equation of equilibrium for a plate bent by external forces acting 
on itt. 

The boundary conditions for this equation are obtained by equating to 
zero the contour integrals in (12.3). Here various particular cases have to be 
considered. Let us suppose that part of the edge of the plate is free, 1.0. no 
external forces act on it. Then the variations 5¢ and 50¢/én on this part of 
the edge are arbitrary, and their coefficients in the contour integrals must he 
zero. This gives the equations 


a G a2 o 
_ cere, c= {00s 6 sind( <2 _- =) + 
an al ax2 dy? 
: aC 
+ (sin24— cost) ——} = 0, (12.6) 
Oxdy 
At+(1 2 FT mY vk er 
_ in 8 cos —sin26— —cos*@—| = 0, : 
(1—o)\2s o andy sin oat s aya 2.7) 


which must hold at all free points on the edge of the plate. 

The boundary conditions (12.6) and (12.7) are very complex. Considerable 
simplifications occur when the edge of the plate is clamped or supported, If 
it is clamped (Fig. 4a), no vertical displacement is possible, and moreover no 


+ The force P may be the result of body forces (e.g. the force of gravity), and is then equal ty the 
integral of the body force over the thickness of the plate. 

¢ The coeflicient D- EA'/12(1 —o?) in this equation is called the flexural rigidtty or evlingyjcal 
rigidity of the plate. 
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bending is possible at the edge. ‘Vhe angle through which a given part of the 
edge turns from its initial position is (for small displacements 2) the derivative 
o¢/on. ‘Thus the variations 5¢ and 50¢/dn must be zero at clamped edges, so 
that the contour integrals in (12.3) are zero identically. The boundary con- 
ditions have in this case the simple form 


{ = 0, al/on = 0. (12.8) 


The first of these expresses the fact that the edge of the plate undergoes no 
vertical displacement in the deformation, and the second that it remains 
horizontal. ! 


(0) [ar 


(b) ZD Yj ss 
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It is easy to determine the reaction forces on a plate at a point where it 
is clamped. These are equal and opposite to the forces exerted by the plate 
on its support. As we khow from mechanics, the force in any direction is 
equal to the space derivative, in that direction, of the energy. In particular, 
the force exerted by the plate on its support is given by minus the derivative 
of the energy with respect to the displacement ¢ of the edge of the plate, and 
the reaction force by this derivative itself. The derivative in question, how- 
ever, is just the coefficient of 5¢ in the second integral in (12.3). Thus the 
reaction force per unit length is equal to the expression on the left of equation 
(12.6) (which, of course, is not now zero), multiplied by £/3/12(1—o?). 

Similarly, the moment of the reaction forces is given by the expression on 
the left of equation (12.7), multiplied by the same factor. This follows at 
once from the result of mechanics that the moment of the force is equal to 
the derivative of the energy with respect to the angle through which the 
body turns. This angle is 0Z/0n, so that the corresponding moment is given 
by the coefficient of 052/dn in the third integral in (12.3). Both these expres- 
sions (that for the force and that for the moment) can be very much simplified 
by virtue of the conditions (12.8). Since ¢ and 0¢/0n are zero everywhere on 
the edge of the plate, their tangential derivatives of all orders are zero also. 
Using this and converting the derivatives with respect to x and y in (12.6) 
and (12.7) into those in the directions of n and 1, we obtain the following 
simple expressions for the reaction force F and the reaction moment M: 


Eh ast dO are 
= - a aalaet aaa: (12.9) 
12(1—02)1 dn3 dl On? 
ERB al 
(12.10) 


~ 121 6?) an? 
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Another important case is that where the plate is supported (Fig. 4b), 
i.e. the edge rests on a fixed support, but is not clamped to it. In this case 
there is again no vertical displacement at the edge of the plate (i.e. on the 
line where it rests on the support), but its direction can vary. Accordingly, 
we have in (12.3) 8¢ = 0 in the contour integral, but 05¢/dn ¢ 0. Hence 
only the condition (12.7) remains valid, and not (12.6). The expression on the 
left of (12.6) gives as before the reaction force at the points where the plate is 
supported; the moment of this force is zero in equilibrium. The boundary 
condition (12.7) can be simplified by converting to the derivatives in the direc- 
tion of n and land using the fact that, since = 0 everywhere on the edge, the 
derivatives @£/el and 02¢/0l2 are also zero. We then have the boundary 
conditions in the form 


2 dé a 
we, aoa 


eee ce 12.01 
on? "dl On ( ) 


PROBLEMS 


PROBLEM 1. Determine the deflection of a circular plate (of radius R) with clamped cdyes, 
placed horizontally in a gravitational field. 


SOLUTION. We take polar co-ordinates, with the origin at the centre of the plate. The force 
on unit area of the surface of the plate is P = phg. Equation (12.5) becomes A?f == 648, 
where 8B = 3pg(1—o*)/16h°E; positive values of { correspond to displacements downward. 
Since { is a function of r only, we can put A = r~! d(rd/dr)/dr.. The general integral is 
f = Brt+-ar?+b-+er* log(r/R)+dlog(r/R). In the case in question we must put d- - 0, 
since log(r/R) becomes infinite at r =: 0, and e = 0, since this term gives a singularity in 
Af atr = 0 (corresponding to a force applied at the centre of the plate; see Problem 3). ‘Mhe 
constants a and b are determined from the boundary conditions = 0, d£/dr =O forr > > R 
The result is ¢ = B(R?—r*)?. 


PROBLEM 2. The same as Problem 1, but for a plate with supported edges. 


SOLuTION. The boundary conditions (12.11) for a circular plate are 


The solution is similar to that of Problem 1, and the result is 


C= pere—r9(** pe), 


PROBLEM 3. Determine the deflection of a circular plate with clamped edges when a force 
j is applied to its centre. 


SOLUTION. We have A?f = 0 everywhere except at the origin. Integration gives 
{ = ar +b-+cr* log(r/R), 


the logy term again being omitted. The total force on the plate is equal to the force f at its 
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centre. The integral of A? over the surface of the plate must therefore be 


12(1 — of), 


R 
2 20 dr = 
afr A®¢ dr Bie 


0 


Hence ¢ = 3(1—o*)f/27Eh®. The constants a and 6 are determined from the boundary 
conditions. The result is 


_ 3f(l— 0?) 
f= Wn Eh3 


ProsLeM 4. The same as Problem 3, but for a plate with supported edges. 
SOLUTION, 


[2(R?—7?)—7? log(R/r)]. 


3f(1—o) (3+ R 
Pole AY R2—72)—272 log |. 
S= | ce ad og —| 


l+o 
Prosiem 5. Determine the deflection of a circular plate suspended by its centre and ina 
gravitational field. 


SoLuTion. The equation for { and its general solution are the same as in Problem 1. 
Since the displacement at the centre is € = 0, we have c = 0. The constants a and b are 
determined from the boundary conditions (12.6) and (12.7), which are, for circular symmetry, 


d d2¢ 1d 2¢ od 
ot = ~S) =o, ee, 


dr ards oe dre rdr 


The result is 


= Br2| 72 21 = 2 oe 
C = Br? |7?+ 8R? log—+2R ‘ 
r 1l+o 


Prosiem 6. A thin layer (of thickness h) is torn off a body by external forces acting against 
surface tension forces at the surface of separation. With given external forces, equilibrium is 
established for a definite area of the surface separated and a definite shape of the layer 
removed (Fig. 5). Derive a formula relating the surface tension to the shape of the 
layer removed.f 


Fig. 5 


SOLUTION. The layer removed can be regarded as a plate with one edge (the line of separa- 
tion) clamped. The bending moment on the layer is given by formula (12.10). The work 
done by this moment when the length of the separated surface increases by 8x is 


Mo8l/dx = Mdxd?l/dax? 


(the work of the bending force F itself is a second-order quantity). The equilibrium condition 
is that this work should be equal to the change in the surface energy, i.e. to 2a5x, where « is 


t This problem was discussed by I. V. Onremov (1930) in connection with a method which he 
developed for measuring the surface tension of mica, ‘The measurementa which he made by this 
method were the first direct measurements of the aurfiee Cension of solids, 
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the surface-tension cocflicient, the factor 2 allowing for the creation of two free surfaces by 


the separation. ‘Thus 
ER a 
sa viene 


§13. Longitudinal deformations of plates 


Longitudinal deformations occurring in the plane of the plate, and not 
resulting in any bending, form a special case of deformations of thin plates. 
Let us derive the equations of equilibrium for such deformations. 

If the plate is sufficiently thin, the deformation may be regarded as uniform 
over its thickness. ‘The strain tensor is then a function of x and y only (the 
xy-plane being that of the plate) and is independent of z. Longitudinal 
deformations of a plate are usually caused either by forces applied to its edges 
or by body forces in its plane. The boundary conditions on both surfaces of 
the plate are then oj, = 0, or, since the normal vector is parallel to the 
Z-axis, o7z = 0, ie. ogg = oyz = 0zz = 0. It should be noticed, however, 
that in the approximate theory given below these conditions continue to 
hold even when the external tension forces are applied to the surfaces of the 
plate, since these forces are still small compared with the resulting lonyi- 
tudinal internal stresses (ozz, cyy, Gzy) in the plate. Since they are zero at 
both surfaces, the quantities ozz, oyz, ozz must be small throughout the 
thickness of the plate, and we can therefore take them as approximately zero 
everywhere in the plate. 

Equating to zero the expressions (11.2), we obtain the relations 


Uzz = —O(Ure t+ tyy)/(1—o), Uae = Uyz = 0. (13.1) 


Substituting in the general formulae (5.13), we obtain for the non-zero com- 
ponents of the stress tensor 


-_ > 
Cxe (Uae + otyy) 
1-2 
Cyy = ——(Uyy + ouze), (13.2) 
1—o? 
E 
Oxy = 1 Pi es Ugy- 


It should be noticed that the formal transformation 
E -> E/(1— 0), o > a/(1—o) (13.3) 


converts these expressions into those which give the relation between the 
stresses Ozz, Ory, Tyy and the strains uzz, tyy, Uzz for a plane deformation 
(formulae (5.13) with uz, == 0). 

Having thus climimated the displacement uz, we can regard the plate as a 


two-dimensional medium (an “elastic plane’), of zero thickness, and take 
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the displacement vector u to be a two-dimensional vector with components 
uz and uy. If Pz and Py are the components of the external body force per 
unit area of the plate, the general equations of equilibrium are 


(2 a) iP, = 6: 
'y 


Substituting the expressions (13.2), we obtain the equations of equilibrium in 
the form 


1 eu, Fi 1 Oty, : 1 Ouy 

1—o? dx? 21+) dy2 2(1—0) axdy 
1 Oy 1 02u 1 02u 

emcee se tao eet 5 0 

1—o? dy® 22(i+c) dx2 2(1—c) dxdy 


|+Ps a 
(13.4) 


EH 


These equations can be written in the two-dimensional vector form 
grad div u—3(1— oc) curl curlu = — (1—0?)P/Eh, (13.5) 


where all the vector operators are two-dimensional. 
In particular, the equation of equilibrium in the absence of body forces is 


grad div u—3(1—c) curl curlu = 0. (13.6) 


It differs from the equation of equilibrium for a plane deformation of a body 
infinite in the z-direction (§7) enly by the sign of the coefficient (in accordance 
with (13.3)).f As for a plane deformation, we can introduce the stress function 
defined by 


Oz, = 02y/dy?, Czy = — 0°x/dxdy, Oyy = O%y/dx2, (13.7) 
whereby we automatically satisfy the equations of equilibrium in the form 
Ooxx Oony Coyxr doyy 


== 0); + = () 
ox oy Ox Oy a 


The stress function, as before, satisfies the biharmonic equation, since for 
Ax we have 


AX = S2a+ Oyy = Ettce + Uyy)|(1—o) = {E/(1—o)} divu; 


this differs only by a factor from the result for a plane deformation. 
It may be pointed out that the stress distribution in a plate deformed by 
given forces applied to its edges is independent of the elastic constants of the 


t A deformation homogeneous in the z-direction for which oz, - ozy>° ogg 0 everywhere is 
sometimes called a state of plane stress, as distinct from a plane deformation, for which wy, zy =F 
Uz ~~ O everywhere, 
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material. or these constants appear neither in the biharmonic equation 
satisfied by the stress function, nor in the formulae (13.7) which determine 
the components oj from that function (nor, therefore, in the boundary 
conditions at the edges of the plate). 


PROBLEMS 


PROBLEM 1. Determine the deformation of a plane disc rotating uniformly about an nxiss 
through its centre perpendicular to its plane. 


SoLuTion. The required solution differs only in the constant coefficients from the solution 
obtained in §7, Problem 5, for the plane deformation of a rotating cylinder. ‘Vhe radial 
displacement uy = u(r) is given by the formula 


—g2 
= (Ae). 
8E l+o 


This is the expression which gives that of §7, Problem 5, if the substitution (13.3) t made. 


u 


PROBLEM 2. Determine the deformation of a semi-infinite plate (with a staupht edge) 
under the action of a concentrated force in its plane, applied to a point on the edye 


Fic. 6 


SOLuTION. We take polar co-ordinates, with the angle ¢ measured from the direction ol 
the applied force; it takes values from —(47-+-«) to 4v—a, where « is the angle between the 
direction of the force and the normal to the edge of the plate (Fig. 6). At every point of the 
edge except that where the force is applied (the origin) we must have $6 = %g OL Uning 
the expressions for og, and o,g obtained in §7, Problem 11, we find that the stress funtion 
must therefore satisfy the conditions 


ex 1 dy 
>> = constant, ——~ = constant, ford = —(47+4), (4r—«). 
or r 0d 


Both conditions are satisfied if xy = 7f(¢). With this substitution, the biharmonic « uation 


( G ( 7) @ 0 

—~ —| r— ] +—— = 

r or\ or} od? : 

gives Salnbionig for f(¢) of the forms sin 4, cos 4, ¢ sin ¢, ¢ cos ¢. The first two of these lead to 


stresses which are zero identically. ‘Che solution which gives the correct value for the force 
applied at the origin is 


x= —(F]/r)rd sin p, Orr i > (26 fur) COS dp, Ong oo Th = 0, (1) 


where fis the force per unit thickness of the plate. For, projecting: the internal stresses on 
directions parallel and perpendicular te the force F, and titep tating: over a oimall semicircle 


: aes ; : 7 
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Two of these are 
oD, = —(2F Jar) cospi, ng, = ogg, = 0, 
oy, = —(2F/are) cosd2, 7,9, = 04.4, = 0, 


where ri, ¢; and 7; ¢, are the polar co-ordinates of an arbitrary point P with origi?* 
and B respectively. These are the stresses due to a normal force F applied to a point 0” Fees 
edge of a half-plane; see Problem 2. The third distribution, of), = (F/mR)dst, is a aie 
extension of deiinite intensity. For, if the point P is on the edge of the disc, “° K Py 
r, = 2R cos $y, 72 = 2R cos dy, so that oy = ory = —FiarR, Since the direction a 
r, and 7, at this point are perpendicular, we see that the first two stress distributiO™® gone 
a uniform compression on the edge of the disc. These forces can be just balanced! by ik 
uniform tension given by the third system, so that the edge of the disc is free from str€3* ™ 
should be. 


gt 4 
» the 
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. . . . a applic 
Prose 5. Determine the stress distribution in an infinite sheet with a circular aD"! 
(of radius R) under uniform tension. 


SOLUTION. The uniform tension of a continuous sheet corresponds to stressen ol 6" ee 
ayy = oz, = 0, where T is the tension force. These in turn correspond to th© alae 
function x( = $7y? = $77? sin’ = 477°(1—cos 2¢). When there is a circular ee 
(with the centre as the origin of polar co-ordinates 7, ¢), we seek the stress functios! ae ich 
form x = x!%)-+-yx(), x0) = f(r) + F(r) cos 2¢. The integral of the biharmonic equattios! i ee 
is independent of ¢ is of the form f(r) = ar® logr-+br?+c log, and in the integs - ne 
portional to cos 2¢ we have F(r) = dr?-+er!+g/r’. The constants are determined 


conditions o@);, = 0 forr = 0 and or, = o,g = 0 for r = R. The result is 


x = ATR —logr+ (1 _ _ cos 24, 


and the stress distribution is given by 


Orr = (1 - “yr a =) cos 24, 


r2 
R2 3R4 
2R2 3R4\ . 
Ong = ar (14 ——- i) sin 2¢. 
re r 


“es 
O4g °° 3T, te. three times the stress at infinity (ef §7, Problem 12). 


a 
+ 
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centred at the origin (whose radius then tends to zero), we obtain 


| Ory? COS a dd 8 one BF, 


fonr sing dé = 0, 


i.e. the values required to balance the external force applied at the origin. 

Formulae (1) determine the required stress distribution. It is purely radial: only a radial 
compression force acts on any area perpendicular to the radius. The lines of equal stress are 
the circles r = dcos ¢, which pass through the origin and whose centres lie on the line of 
action of the force F (Fig. 6). 

The components of the strain tensor are u,, = 0,,/E, gg = —0o0,,/E, tg = 0. From these 
we find by integration (using the expressions (1.8) for the components uix in polar co- 
ordinates) the displacement vector: 


2F (l—o)F , 
Up = —plcatr/a) cos¢ — eaene sin ¢, 
2oF _ | 2F ee ga Ee). 
uy = sitio to log(t/@) Sgt ee cos #). 


Here the constants of integration have been chosen so as to give zero displacement (trans- 
lation and rotation) of the plate as a whole: an arbitrarily chosen point ata distance a from the 
origin on the line of action of the force is assumed to remain fixed. 

Using the solution obtained above, we can obtain the solution for any distribution of forces 
acting on the edge of the plate (cf. §8). It is, of course, inapplicable in the immediate neigh- 
bourhood of the origin. 


| 
4 
t 
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ProsLeM 3. Determine the deformation of an infinite wedge-shaped plate (of angle 2«) 
due to a force applied at its apex. 


SoLuTION. The stress distribution is given by formulae which differ from those of Problem 
2 only in their normalisation. If the force acts along the mid-line of the wedge (F’ in Fig. 7), 
we have o,, = —(F, cos $)/r(a+4 sin 22), org = ogg = 0. If, on the other hand, the force 
acts perpendicular to this direction (Ff, in Fig. 7), then 


Orr = — (Fo cos ¢$)/r(a—F sin 2a). 


In each case the angle ¢ is measured from the direction of the force. 


ProBLeM 4. Determine the deformation of a ci 


r disc (of radius 2) compressed by two 
equal and opposite forces I*i applied at the ends of a « : 


SoLuTion. The solution is obtained by superposing: (hree internal stress) distributions. 
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§14. Large deflections of plates 


The theory of the bending of thin plates given in §§11--13 is applicable only 
to fairly small deflections. Anticipating the result given below, it may be 
mentioned here that the condition for that theory to be applicable is that the 
deflection { is small compared with the thickness h of the plate. Let us now 
derive the equations of equilibrium for a plate undergoing large deflections. 
The deflection ¢ is not now supposed small compared with hk. It should be 
emphasised, however, that the deformation itself must still be small, in the 
sense that the components of the strain tensor must be small. In practice, 
this usually implies the condition ¢ < /, i.e. the deflection must be small 
compared with the dimension / of the plate. 

The bending of a plate in general involves a stretching of it.t For small 
deflections this stretching can be neglected. For large deflections, however, 
this is not possible; there is therefore no neutral surface in a plate undergoing 
large deflections. The existence of a stretching which accompanies the 
bending is peculiar to plates, and distinguishes them from thin rods, which 
can undergo large deflections without any general stretching. This property 
of plates is a purely geometrical one. For example, let a flat circular plate be 
bent into a segment of a spherical surface. If the bending is such that the 
circumference of the plate remains constant, its diameter must increase. If the 
diameter is constant, on the other hand, the circumference must be reduced. 

The energy (11.6), which may be called the pure bending energy, is only 
the part of the total energy which arises from the non-uniformity of the 
tension and compression through the thickness of the plate, in the absence 
of any general stretching. The total energy includes also a part due to this 
general stretching; this may be called the stretching energy. 

Deformations consisting of pure bending and pure stretching have been 
considered in §§11-13. We can therefore use the results obtained in these 
sections. It is not necessary to consider the structure of the plate across its 
thickness, and we can regard it as a two-dimensional surface of negligible 
thickness. 

We first derive an expression for the strain tensor pertaining to the stretch- 
ing of a plate (regarded as a surface) which is simultaneously bent and 
stretched in its plane. Let u be the two-dimensional displacement vector 
(with components uz, wy) for pure stretching; f, as before, denotes the trans- 
verse displacement in bending. Then the element of length d/ = +/(dx? + dy?) 
of the undeformed plate is transformed by the deformation into an element 
dl’, whose square is given by dl’? = (dx+duz)?+(dy+duy)?+d¢2. Putting 
here du, = (0uz/dx) dx-+(@uz/@y) dy, and similarly for du, and df, we 
obtain to within higher-order terms dl’? = dl?+2u,,dx,dx,, where the 
two-dimensional strain tensor is defined as 


1 snee at at ae) 
(p= pe ee : 
cia es ax,/  2ax, Ax, 


t An exception is, for instance, the bending of a flat plate into a cylindrical surface. 
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(In this and the following sections, Greck suffixes take the two values x and y; 
as usual, summation over repeated suffixes is understood.) The terms quad- 
ratic in the derivatives of u, are here omitted; the same cannot, of course, lic 
done with the derivatives of £, since there are no corresponding first-order 
terms. 

The stress tensor o,¢ due to the stretching of the plate is given by formula 
(13.2), in which u,, must be replaced by the total strain tensor given by 
formula (14.1). The pure bending energy is given by formula (11.6), and can 
be written f ¥1(2) dx dy, where 'Y1(2) denotes the integrand in (11.6). “The 
stretching energy per unit volume of the plate is, by the general formulac, 
4,209. The energy per unit surface area is obtained by multiplying by /, 
so that the total stretching energy can be written f ‘Ye(u,,) df, where 


Ys = thu, gap (14.2) 
Thus the total free energy of a plate undergoing large deflections is 
Fp = [{¥i(0) + ¥a(ta)} of (14.3) 


Before deriving the equations of equilibrium, let us estimate the relative 
magnitude of the two parts of the energy. The first derivatives of { are of 
the order of £/l, where / is the dimension of the plate, and the second deriva- 
tives are of the order of £/l2. Hence we see from (11.6) that ‘Py ~ Ee l?/I". 
The order of magnitude of the tensor components u,, is ¢?/I?, and so 
W> ~ Eht4/I4. A comparison shows that the neglect of ‘V2 in the approximate 
theory of the bending of plates is valid only if £2 < h?. 

The condition of minimum energy is 8F+5U = 0, where U is the poten- 
tial energy in the field of the external forces. We shall suppose that the 
external stretching forces, if any, can be neglected in comparison with the 
bending forces. (This is always valid unless the stretching forces are very 
large, since a thin plate is much more easily bent than stretched.) ‘Then we 
have for 5U the same expression as in §12: 5U = —JfP8¢ df, where P is the 
external force per unit area of the plate. The variation of the integral f ‘V1 df 
has already been calculated in §12, and is 


5[¥ df ie 
1 = 
12(1 — o?) 

The contour integrals in (12.3) are omitted, since they give only the boundary 
conditions on the equation of equilibrium, and not that equation itsclf, which 
is of interest here. 

Finally, let us calculate the variation of the integral J ‘Vz df. ‘he variation 
must be taken both with respect to the components of the vector u and with 
respect to . We have 


{ ACBL df. 


Ol’s 
8 { Wo df = [-.- 18ttg, df. 
Ou B 


ce 


The derivatives of the free energy per unit volume with respect to u,, are 
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Cups hence O'V2/0u,g = hog. Substituting also for u,, the expression (14.1), 
we obtain 


8[ Wa df = hf ogpStag df 


is] val ee Duy at 2s * 


OX. ax, OXp OX, OXg 


or, by the symmetry of o,,, 
abu, 08¢ af 
8 [Ve of = nfo. | 4 | df 
OX, OX, Ox, 


Integrating by parts, we obtain 


sfrear— ffs Sor 


The contour integrals along the circumference of the plate are again omitted. 
Collecting the above results, we have 


ee | laa AY I (oor5] Pst watou| of mas 


In order that this relation should be satisfied identically, the coefficients of 
6¢ and 6, must each be zero. ‘Thus we obtain the equations 


api ( ds P (14.4) 
12(1— 62) ax \"ax,) ’ 


The unknown functions here are the two components wz, uy of the vector 
u and the transverse displacement ¢. ‘The solution of the equations gives both 
the form of the bent plate (i.e. the function C(x, y)) and the extension resulting 
from the bending. Equations (14.4) and (14.5) can be somewhat simplified 
by introducing the function y related to o,, by (13.7). Equation (14.4) then 
becomes 


Es Oy AL ay a ay a 
Ath ae Sel a 


Ee ee —| =P. (14.6) 
12(1— o? dy? ax2 ax? dy? Oxdy Oxdy 


Equations (14.5) are satisfied automatically by the expressions (13.7). Hence 
another equation is needed; this can be obtained by eliminating u, from the 
relations (13.7) and (13.2). 

To do this, we proceed as follows. We express u,. in terms of o,,, obtaining 


from (13.2) 


Ura = (org — ooyy)/F, yy = (yy 7 corr) E, Wry (Lt o)eyy/. 
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Substituting here the expression (14.1) for u,,, and (13.7) for 0,4, we find 


the equations 
Oux (z) 1 / 0?x “*) 
——-+-- cals = —|— — o—}, 
dx 2\dx E ( dy? Ox? 


Oly is =) i ( ay =) 

ay Aes ~ Ea” aye)’ 
Ou f Oy n ag a 2Aits} dy 
dy ax dx dy : E  oxdy 


We take 02/dy? of the first, 02/0x2 of the second, — 0?/axéy of the third, and 
add. The terms in uz, and u, then cancel, and we have the equation 


an+#(5 <5 - (se) |= (14.7) 


Equations (14.6) and (14.7) form a complete system of equations for large 
deflections of thin plates (A. Féppi 1907). These equations are very compli- 
cated, and cannot be solved exactly, even in very simple cases. It should be 
noticed that they are non-linear. 

We may mention briefly a particular case of deformations of thin plates, 
that of membranes. A membrane is a thin plate subject to large external 
stretching forces applied at its circumference. In this case we can neglect 
the additional longitudinal stresses caused by bending of the plate, and 
therefore suppose that the components of the tensor o,, are simply equal to 
the constant external stretching forces. In equation (14.4) we can then 
neglect the first term in comparison with the second, and we obtain the 
equation of equilibrium 


a2 


h 
788 ay Oxy 


+P =0, (14.8) 


with the boundary condition that f = 0 at the edge of the membrane. ‘This 
is a linear equation. The case of isotropic stretching, when the extension of 
the membrane is the same in all directions, is particularly simple. Let T be 
the absolute magnitude of the stretching force per unit length of the edge of 
the membrane. Then ho,, = T5,,, and we obtain the equation of equili- 
brium in the form 


TAC+P = 0. (14.9) 


PROBLEMS 
PROBLEM 1. Determine the deflection of a plate as a function of the force on it when 
CSA. 
SoLuTION. An estimate of the terms in equation (14.7) shows that x ~ (*%. For C°-- A, 
the first term in (14.6) is small compared with the second, which is of the order of magnitude 
hly/t ~ FACE (1 being the dimension of the plate). Tf this is comparable with the oxternal 
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force P, we have { ~ (/‘P/Eh)t. Hence, in particular, we see that L is proportional to the 
cube root of the force. 


PROBLEM 2. Determine the deformation of a circular membrane (of radius R) placed 
horizontally in a gravitational field. 


SOLUTION. We have P = pgh; in polar co-ordinates, (14.9) becomes 


id | a pgh 

-—{r—-]}] = - —. 
dr T 

The solution finite for r = 0 and zero for r = Ris = pah(R? —r?)/4T. 


§15. Deformations of shells 


In discussing hitherto the deformations of thin plates, we have always 
assumed that the plate is flat in its undeformed state. However, deformations 
of plates which are curved in the undeformed state (called shells) have 
properties which are fundamentally different trom those of the deformations 
of flat plates. 

The stretching which accompanies the bending of a flat plate is a second- 
order effect in comparison with the bending deflection itself. This is seen, 
for example, from the fact that the strain tensor (14.1), which gives this 
stretching, is quadratic in ¢. The situation is entirely different in the defor- 
mation of shells: here the stretching is a first-order effect, and therefore is 
important even for small bending deflections. This property is most easily 
seen from a simple example, that of the uniform stretching of a spherical 
shell. If every point undergoes the same radial displacement £, the length 
of the equator increases by 27. The relative extension is 2nl/2nR = C/R, 
and hence the strain tensor also is proportional to the first power of ¢. This 
effect tends to zero as R -> ©, i.e. as the curvature tends to zero, and is 
therefore due to the curvature of the shell. 

Let R be the order of magnitude of the radius of curvature of the shell, 
which is usually of the same order as its dimension. Then the strain tensor 
for the stretching which accompanies the bending is of the order of £/R, 
the corresponding stress tensor is ~ E¢/R, and the deformation energy per 
unit area is, by (14.2), of the order of Eh(£/R)2. The pure bending energy, on 
the other hand, is of the order of Eh802/R4, as before. We see that the ratio of 
the two is of the order of (R/h)?, i.e. it is very large. It shouldbe emphasised 
that this is true whatever the ratio of the bending deflection £ to the thickness 
h, whereas in the bending of flat plates the stretching was important only 
for 62h. 

In some cases there may be a special type of bending of the shell in 
which no stretching occurs. For example, a cylindrical shell (open at both 
ends) can be deformed without stretching if all the generators remain parallel 
(i.e. if the shell is, as it were, compressed along some generator). Such 
deformations without stretching are geometrically possible if the shell has 
free edges (i.e. is not closed) or if it is closed but its curvature has opposite 
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signs at different points. For cxample, a closed spherical shell cannot be 
bent without being stretched, but if a hole is cut in it (the edge of the hole 
not being fixed), then such a deformation becomes possible. Since the pure 
bending energy is small compared with the stretching energy, it is clear that, 
if any given shell permits deformation without stretching, then such defor- 
mations will, in general, actually occur when arbitrary external forces act on 
the shell. The requirement that the bending is unaccompanied by stretching 
places considerable restrictions on the possible displacements u,. ‘lhesc 
restrictions are purely geometrical, and can be expressed as differential 
equations, which must be contained in the complete system of equilibrium 
equations for such deformations. We shall not pause to discuss this question 
further. 

If, however, the deformation of the shell involves stretching, then the 
tensile stresses are in general large compared with the bending stresses, 
which may be neglected. Shells for which this is done are called membranes. 

The stretching energy of a shell can be calculated as the integral 


Laie Bh | tap oup df, (15.1) 


taken over the surface. Here u,,(«, 8 = 1, 2) is the two-dimensional strain 
tensor in the appropriate curvilinear co-ordinates, and the stress tensor o,, 
is related to u,, by formulae (13.2), which can be written, in two-dimensional 
tensor notation, as 


Ogg = Ef(1—o)uggt 08, g,,]/(1 — 0°). (15.2) 


A case requiring special consideration is that where the shell is subjected 
to the action of forces applied to points or lines on the surface and directed 
through the shell. These may be, in particular, the reaction forces on the shell 
at points (or lines) where it is fixed. The concentrated forces result in a 
bending of the shell in small regions near the points where they are applicd; 
let d be the dimension of such a region for a force f applied at a point (so that 
its area is of the order of d?). Since the deflection f varies considerably over a 
distance d, the bending energy per unit area is of the order of EA3@2/d‘, and the 
total bending energy (over an area ~ d?) is of the order of Eh3@2/d?. The strain 
tensor for the stretching is again ~ ¢/R, and the total stretching energy due to 
the concentrated forces is ~ Eh{2d2/R2. Since the bending energy increases 
and the stretching energy decreases with decreasing d, it is clear that both 
energies must be taken into account in determining the deformation near the 
point of application of the forces. The size d of the region of bending is given 
in order of magnitude by the condition that the sum of these energies is a 
minimum, whence 


fm RY. (15.3) 
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The energy ~ LAPC2/R. Varying this with respect to and equating the result 
to the work done by the force /, we find the deflection ¢ ~ fR/Eh. 

However, if the forces acting on the shell are sufficiently large, the shape of 
the shell may be considerably changed by bulges which form in it. The 
determination of the deformation as a function of the applied loads requires 
special investigation in this unusual case. 

Let a convex shell (with edges fixed in such a way that it is geometrically 
rigid) be subjected to the action of a large concentrated force f along the in- 
ward normal. For simplicity we shall assume that the shell is part of a sphere 
of radius R. The region of the bulge will be a spherical cap which is almost a 
murror image of its original shape (Fig. 9 shows a meridional section of the 
shell). The problem is to determine the size of the bulge as a function of the 
force. 

The major part of the elastic energy is concentrated in a narrow strip near 
the edge of the bulge, where the bending of the shell is relatively large; 
shall call this the bending strip and denote its width by d. This energy may i 
estimated, assuming that the radius 7 of the bulge region is much less than R, 
so that the angle « < 1 (Fig. 9). Thenr = Rsin« ~ Ra, and the depth of the 
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bulge H = 2R(1—cos «) ~ Ra?. Let € denote the displacement of points on 
the shelf in the bending strip. Just as previously, we find that the energies of 
bending along the meridian and of stretching along the circle of Jatitudet per 
unit surface area are respectively, in order of magnitude, Eh8£2/d4 and 


} The results given below are due to A. V. PoGore.ov (1960). A more precise analysis of the problem 
together with some similar ones is given in his book Teortya obolochek pri zakriticheskikh deformatstyakh 
(Theory of Shells at Supercritical Deformations), Moscow 1965. 

+ The curvature of the shell does not affect the bending along the meridian in the first approximation, 
so that this bending occurs without any general stretching: along the meridian, as in the cylindrical 
bending of a flat plate. 
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Eh2/R2. "Vhe order of magnitude of the displacement ¢ ts in this case deter: 
mined geometrically: the direction of the meridian changes by an angle ~¢ 
over the width d, and so  ~ ad ~ rd/R. Multiplying by the area of the bend- 
ing strip (~rd), we obtain the energies Eh3r3/R2d and Khd?r3/R).'Vhe condi 
tion for their sum to be a minimum again gives d~1/(AR), and the total 
elastic energy is then ~ Er*(h/R)?/2, ort 


constant x £A5/2, W3/R, (15.1) 


In this derivation it has been assumed that d<r; formula (15.4) is therefore 
valid if the condition 


Rhjr2 <1 (15.5) 


holds. 

The required relation between the depth of the bulge H and the applied 
force f is obtained by equating f to the derivative of the energy (15.4) with 
respect to H. ‘Thus we find 


H~ f2R2/E2h°, (15.6) 


It should be noticed that this relation is non-linear. 

Finally, let the deformation (bulge) of the shell occur under a uniform 
external pressure p. In this case the work done is pAV, where AV ~ //r? ~ 11° RK 
is the change in the volume within the shell when the bulge occurs. Hquatiny 
to zero the derivative with respect to H of the total free energy (the difference 
between the elastic energy (15.4) and this work), we obtain 


H~I5E2R4p2. (15.7) 


The inverse variation (1 increasing when p decreases) shows that in this case 
the bulge is unstable. The value of H given by formula (15.7) corresponds to 
unstable equilibrium for a given p: bulges with larger values of // grow of 
their own accord, while smaller ones shrink (it is easy to verify that (15.7) 
corresponds to a maximum and not a minimum of the total free cnerpy). 
There is a critical value per of the external load beyond which even small 
changes in the shape of the shell increases in size spontaneously. ‘This valuc 
may be defined as that which gives H ~h in (15.7): 


We shall add to the above brief account of shell theory only a few simple 
examples in the following Problems. 


+ A more accurate calculation shows that the constant coefficient is 1.2 (1— 0) ~*/4. 

t When a bulge is formed, the outer layers of a spherical segment become the inner ones and are 
therefore compressed, while the inner layers become the outer ones and are stretched. Uhe relative 
extension (or compression) ~h/R, and so the corresponding total energy in the region of the bulge 
~ E(h/R)*hr?, With the condition (15.5) it isin fact small in comparison with the enery (15.4) an 
the bending strip. 
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PROBLEMS 


PROBLEM 1. Derive the equations of equilibrium for a spherical shell (of radius R) deformed 
symmetrically about an axis through its centre. 


SOLUTION. We take as two-dimensional co-ordinates on the surface of the shell the angles 
8, ¢ in a system of spherical polar co-ordinates, whose origin is at the centre of the sphere and 
polar axis along the axis of symmetry of the deformed shell. 

Let P, be the external radial force per unit surface area. This force must be balanced by a 
radial resultant of internal stresses acting tangentially on an element of the shell. The con- 
dition is 


Aogs+ og9)/R = Pr. (1) 


This equation is exactly analogous to LAPLACE’s equation for the pressure difference between 
two media caused by surface tension at the surface of separation. 

Next, let Q,(8) be the resultant of all external forces on the part of the shell lying above the 
co-latitude @; this resultant is along the polar axis. The force Q:(@) must be balanced by the 
projection on the polar axis of the stresses 2-Rhogg sin 8 acting on the cross-section 27Rh sin 6 
of the shell at that latitude. Hence 


2nRhogg sin?d = Q,(8). (2) 


Equations (1) and (2) determine the stress distribution, and the strain tensor is then given 
by the formulae 


Ugg = (099— 9044)/F, Ugg = (744 — 909)/E, py = 0. (3) 
Finally, the displacement vector is obtained from the equations 
1 / du, 1 
Ugg = al qtr) Ugg = Rive cot 6+ u,). (4) 


ProBLEM 2. Determine the deformation under its own weight of a hemispherical shell 
convex upwards, the edge of which moves freely on a horizontal support (Fig. 10). 


Fic. 10 


SoLuTION. We have P; = ~pgh cos 8, Qz = —2nR*pgh(1—cos 8); Qz is the total weight 
of the shell above the circle of co-latitude @. From (1) and (2) of Problem 1 we find 


Rpg 


09 = - > 
e 1+cos@ 


1 
Orr = Roe ——— — COs a). 


From (3) we calculate ugg and ugg, and then obtain ug and u, from (4); the constant in the 
integration of the first equation (4) is chosen so that for @ = $m we have ug = 0. The result 
is 


R2pg(1+ Q 
Ug = Tt loath +-c08 a)| sin 8, 
R%og(1+ 2+ 
Ur = see Sal — cos a— cos log(1-+-cos 
E +o 


The value of u, for @ = $7 gives the horizontal displacement of the support. 
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ProBLeM 3. Determine the deformation of a hemispherical shell with clamped edges, 
convex downwards and filled with liquid (Fig. 11); the weight of the shell itself can be 
neglected in comparison with that of the liquid. 


\ 


i eae ic qcc--------! 
! 

1\ 

! 
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SoLuTION. We have 


P, = pogR cos 6, P, = 0, 
: 2 
, = 27R2| P, cos 6 sin @ dé = —1R3ppg(1 — cos6), 
3 § 
fy 


where py is the density of the liquid. We find from (1) and (2) of Problem 1 
Rpog 1—cos?é@ R’oog —1+3 cosd—2 cosé 
C0. Says) cae? Ogee mr eee 
3h sin? 3h sin? 


The displacements are 


Rpog(i+o) . 
7 3Eh o [et PEGs | 
R3o99(1 + 3 cos 0° 
Ur = OAT [cos 8 tog(t + cos8)— 14 =", 


For @ = $1, u, is not zero as it should be. This means that the shell is actually so severely bent 
near the clamped edge that the above solution is invalid. 


Prose 4. A shell in the form of a spherical cap rests on a fixed support (lig. 12). Deter 
mine the bending resulting from the weight Q of the shell. 
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SoLuTIon. The main deformation occurs near the edge, which is bent as shown by the 
dashed line in Fig. 12. The displacement wg is small compared with the radial displacement 
u, = ¢. Since { decreases rapidly as we move away from the supported edge, the deformation 
can be regarded as that of a long flat plate (of length 27R sin «). This deformation is composed 
of a bending and a stretching of the plate. The relative extension at each point is ¢/R (R 
being the radius of the shell), and therefore the stretching energy is E¢?/2R* per unit volume. 
Using as the independent variable the distance x from the line of support, we have for the 
total stretching energy 


E}B d2¢\ 2 
Fo pp = 27R sin x«————- {(G3) dx. 
24(1— 6?) J \ dx? 


Varying the sum F,, = F rot t Fe pt with respect to {, we obtain 


dag 12(1 —o2) 
dvi eR? 


For x > 00, € must tend to zero, and for x = 0 we must have the boundary conditions of 
zero moment of the forces (£’ = 0) and equality of the normal force and the corresponding 
component of the force of gravity: 

3 


2rR sin a——C""" = SO. 
ut $n oF oa O cos « 


The solution which satisfies these conditions is £ = Ae~** cos xx, where 


| 5 O cota alae 
_ =| ype | ae, Sah? 


The bending of the shell is 
d = ((0) cosa = A cosa. 


§16. Torsion of rods 


Let us now consider the deformation of thin rods. This differs from all 
the cases hitherto considered, in that the displacement vector u may be large 
even for small strains, i.e. when the tensor ujz is small.t For example, when 
a long thin rod is slightly bent, its ends may move a considerable distance, 
even though the relative displacements of neighbouring points in the rod 
are small. 

There are two types of deformation of arod which may be accompanied by 
a large displacement of certain parts of it. One of these consists in bending 


t The enly exception is a simple extension of a rod without change of shape, in which case the 
vector u is always small if the tensor mix is small, i.e. if the extension is small. 
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the rod, and the other in twisting it. We shall begin by considering the latter 
case. 

A torsional deformation is one in which, although the rod remains straipht, 
each transverse section is rotated through some angle relative to those below 
it. If the rod is long, even a slight torsion causes sufficiently distant cross- 
sections to turn through large angles. The generators on the sides of the rod, 
which are parallel to its axis, become helical in form under torsion. 

Let us consider a thin straight rod of arbitrary cross-section. We take a 
co-ordinate system with the z-axis along the axis of the rod and the origin 
somewhere inside the rod. We use also the torsion angle 7, which is the anyle 
of rotation per unit length of the rod. This means that two neighbouriny 
cross-sections at a distance dz will rotate through a relative angle df =~ + dx 
(so that + = dd/dz). The torsional deformation itself, i.e. the relative dis- 
placement of adjoining parts of the rod, is assumed small. The condition 
for this to be so is that the relative angle turned through by cross-sections 
of the rod at a distance apart of the order of its transverse dimension /¢ is 
small, i.e. 


oR <1. (16.1) 


Let us examine a small portion of the length of the rod near the origin, and 
determine the displacements u of the points of the rod in that portion. As 
the undisplaced cross-section we take that given by the xy-plane.. When a 
radius vector r turns through a small angle 5¢, the displacement of its end 
is given by 


ér = So Xr, (16.2) 


where S¢ is a vector whose magnitude is the angle of rotation and whose 
direction is that of the axis of rotation. In the present case, the rotation 14 
about the z-axis, and for points of co-ordinate z the angle of rotation relative 
to the xy-plane is rz (since 7 can be regarded as a constant in some repton 
near the origin). ‘hen formula (16.2) gives for the components uz, ty of the 
displacement vector 


Ug = —TRY, Uy = TEX. (16.5) 


When the rod is twisted, the points in it in general undergo a displacement 
along the z-axis also. Since for r = 0 this displacement is zero, it may be 
supposed proportional to 7 when 7 is small. Thus 


Uz = TY(x, y); (16.4) 


where y(x, y) is some function of x and y, called the torsion function. As a 
result of the deformation described by formulae (16.3) and (16.4), cach cross- 
section of the rod rotates about the z-axis, and also becomes curved instead 
of plane. It should be noted that, by taking the origin at a particular point in 
the xy-plane, we ‘‘fix’’ a certain point in the cross-section of the rod in such a 
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way that it cannot move in that plane (but it can move in the z-direction). 
A different choice of origin would not, of course, affect the torsional deforma- 
tion itself, but would give only an unimportant displacement of the rod as a 
whole. 

Knowing u, we can find the components of the strain tensor. Since wu is 
small in the region under consideration, we can use the formula 


uk = 4(0u;/Ox~+ Ouy,/0X;). 
The result is 


Uggs = Uyy = Ugy = Uzz = 0, 


lar = an(~ = »), Uy: = (Ss), (16.5) 


It should be noticed that u,z; = 0; in other words, torsion does not result in 
a change in volume, i.e. it is a pure shear deformation. 
For the components of the stress tensor we find 


Og~g = Syy = Fez = Sey = 0; 


ay | ay 
vee = Qa = wr(— = y)y oye = Bp = u(t): (16.6) 


Here it is more convenient to use the modulus of rigidity p in place of F and 
a. Since only ozz and oy, are different from zero, the general equations 
of equilibrium d04;/@x, = 0 reduce to 


Ooze | Cozy 


= 0. 16.7 
Ox oy ( ) 


Substituting (16.6), we find that the torsion function must satisfy the equation 
Ay = 9, (16.8) 


where /\ is the two-dimensional Laplacian. 
It is rather more convenient, however, to use a different auxiliary function 


x (x, y), defined by 
Oge = 2px] Oy, Cyz = —2prdx/0x; (16.9) 
this function satisfies more convenient boundary conditions on the circum- 
ference of the rod (see below). Comparing (16.9) and (16.6), we obtain 
a. ei ED =e ees Do (16.10) 


Differentiating the first of these with respect to y, the second with respect to 
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x, and subtracting, we obtain for the function y the equation 


Ax = -1. (16.11) 


To determine the boundary conditions on the surface of the rod, we note 
that, since the rod is thin, the external forces on its sides must be small com- 
pared with the internal stresses in the rod, and can therefore be put cqual to 
zero in seeking the boundary conditions. This fact is exactly analogous to 
what we found in discussing the bending of thin plates. ‘Thus we must have 
oixnx = 0 on the sides of the rod; since the z-direction is along the axis, 
nz = 0, and this equation becomes 


OzgNzgt OzyNy = 0. 


Substituting (16.9), we obtain 


dy x 

Ng Ny = 0. 

oy Ox 
The components of the vector normal to a plane contour (the circumference 
of the rod) are nz = —dy/dl, ny = dx/dl, where x and y are co-ordinates 


of points on the contour and d/ is an element of arc. Thus we have 


Le ace = dy = 0, 
Ox oy 

whence xy = constant, i.e. y is constant on the circumference. Since only 
the derivatives of the function y appear in the definitions (16.9), it is clear 
that any constant may be added to y. If the cross-section is singly connected, 
we can therefore use, without loss of generality, the boundary condition 


e220 (16.12) 
on equation (16.11).+ 


(5). 2 
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For a multiply connected cross-section, however, y will have different 
constant values on each of the closed curves bounding the cross-section. 


+ The problem of determining the torsion deformation from equation (16.11) with the boundary 
condition (16.12) is formally identical with that of determining the bending of a uniformly Jonded 
plane membrane from equation (14.9). 

It is useful to note also an analogy with fluid mechanics: an equation of the form (16.11) determiner 
the velocity distribution (x, ¥) for a viscous fluid in a pipe, and the boundary condition (16.17) 
corresponds to the condition vy Oat the fixed walls of the pipe (see Maid Mechanics, 817). 
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Hence we can put y = 0 on only one of these curves, for instance the outer- 
most (Co in Fig. 13). The values of y on the remaining bounding curves are 
found from conditions which are a consequence of the one-valuedness of the 
displacement uz = ry(x, y) as a function of the co-ordinates. For, since the 
torsion function x(x, y) is one-valued, the integral of its differential dys round 
a closed contour must be zero. Using the relations (16.10), we therefore 


have 
0 7) 
} bg (Sars a) 
ox oy 
0 0 
= -2 (dy “ pe dx) ~2 (x dy—y dx) 
Ox oy 
— 0, 
Or 
0 
Ef dP aac 35S. (16.13) 
on 


where dy/dn is the derivative of the function y along the outward normal 
to the curve, and S the area enclosed by the curve. Applying (16.13) to each 
of the closed curves Cj, Co, ..., we obtain the required conditions. 
Let us determine the free energy of a rod under torsion. The energy per 
unit volume is 
f= SOiRUik = Oggllyzt+ Cyzlyz = (ox2"+ Oy2")/2p 

or, substituting (16.9), 

dy\2 /dy\? 

F= 2yrt| (=) + (=*) = 2u7*(grad x)’, 

dx dy 
where grad denotes the two-dimensional gradient. The torsional energy 
per unit length of the rod is obtained by integrating over the cross-section 
of the rod, i.e. it is }C7?, where the constant C = 4p J (grad y)? df, and is 
called the torsional rigidity of the rod. ‘The total elastic energy of the rod is 
equal to the integral 


Froa = 4 | Cr® dz, (16.14) 
taken along its length. 
Putting 
(gradx)? = div(y grad y)—x Ay = div(y gradx) +x 


and transforming the integral of the first term into one along the circumference 
of the rod, we obtain 


a 
Ce thre du | x df. (16.15) 
On 
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If the cross-section is singly connected, the first term vanishes by the 
boundary condition x = 0, leaving 


C = 4u | x de dy. (16.16) 


For a multiply connected cross-section (Fig. 13), we put y = 0 on the outes 
boundary Cp and denote by yx the constant values of y on the inner boun- 
daries Cx, obtaining by (16.13) 


C = 4u> xeSu+4p |x dx dy; (16.17) 
k- 


it should be remembered that, in integrating in the first term in (16.15), we yo 
anti-clockwise round the contour Cp and clockwise round all the others. 

Let us consider now a more usual case of torsion, where one of the ends of 
the rod is held fixed and the external forces are applied only to the other end 
These forces are such that they cause only a twisting of the rod, and no other 
deformation such as bending. In other words, they form a couple which twrits 
the rod about its axis. The moment of this couple will be denoted by AV. 

We should expect that, in such a case, the torsion angle 7 is constant 
along the rod. This can be seen, for example, from the condition that the free 
energy of the rod is a minimum in equilibrium. The total enerpy of a de 
formed rod is equal to the sum Fyoa+ U, where U is the potential cnerpy 
due to the action of the external forces. Substituting in (16.14) 7 dip/dls 
and varying with respect to the angle ¢, we find 


4 fc(Z) isos [cpa gee 


dz 


or, integrating by parts, 
dr 
2 | CH3$ de +8U+[Cr86] = 
z 


The last term on the left is the difference of the values at the limits of inte 
gration, i.e. at the ends of the rod. One of these ends, say the lower one, m 
fixed, so that 66 = 0 there. The variation 6U of the potential cnerpy ts 
minus the work done by the external forces in rotation through an angle of. 
As we know from mechanics, the work done by a couple in such a rotation 
is equal to the product M6¢ of the angle of rotation and the moment of the 
couple. Since there are no other external forces, 6U -= - Md, and we 
have 


| Co dz + [3¢(--M4-Cr)] = 0. (16.18) 


- 


The second term on the left has its value at the upper end of the rod. Tn the 
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integral over z, the variation $¢ is arbitrary, and so we must have 


C dr/dz = 0, 
1.e. 
7 = constant. (16.19) 


Thus the torsion angle is constant along the rod. The total angle of rotation 
of the upper end of the rod relative to the lower end is 7/, where /is the length 
of the rod. 

In equation (16.18), the second term also must be zero, and we obtain the 
following expression for the constant torsion angle: 


r= MIC. (16.20) 


PROBLEMS 


PROBLEM 1. Determine the torsional rigidity of a rod whose cross-section is a circle of 
radius R. 


SoLuTIon. The solutions of Problems 1—4 are formally identical with those of problems of 
the motion of a viscous fluid in a pipe of corresponding cross-section (see the last footnote 
to this section). The discharge Q is here represented by C. 

For a rod of circular cross-section we have, taking the origin at the centre of the circle, 
x = 4(R?—x*—y?), and the torsional rigidity is C = $yuaR*. For the function ¢ we have, 
from (16.10), % = constant. A constant ¥, however, corresponds by (16.4) to a simple dis- 
placement of the whole rod along the z-axis, and so we can suppose that y = 0. Thus the 
transverse sections of a circular rod undergoing torsion remain plane. 


PROBLEM 2. The same as Problem 1, but for an elliptical cross-section of semi-axes a 
and b. 


SOLUTION. The torsional rigidity is C = mpa%b®/(a?+5*). The distribution of longitudinal 
displacements is given by the torsion function = (b*—a®)xy/(b?-+a®), where the co-ordinate 
axes coincide with those of the ellipse. 


PROBLEM 3. The same as Problem 1, but for an equilateral triangular cross-section of 
side a. 


SoLuTIon. The torsional rigidity is C = 4/3a*/80. The torsion function is 


p= (xV/3+y)(av/3—y)/6a 
the origin being at the centre of the triangle and the x-axis along an altitude. 


PROBLEM 4, The same as Problem 1, but for a rod in the form of a long thin plate (of 
width d and thickness h < d). 


SoLuTIoN. The problem is equivalent to that of viscous fluid flow between plane parallel 
walls. The result is that C = }udh’. 


PROBLEM 5. The same as Problem 1, but for a cylindrical pipe of internal and external 
radii R, and R, respectively. 


SoLuTION, The function x = 4(R,?—r*) (in polar co-ordinates) satisfies the condition 
(16.13) at both boundaries of the annular cross-section of the pipe. From formula (16.17) 
we then find C = tun(R,!—R,!). 


PROBLEM 6. The same as Problem 1, but for a thin-walled pipe of arbitrary cross-section. 


SOLUTION. Since the walls are thin, we can assume that y varies through the wall thickness 
h, from zero on one side to x, on the other, according to the linear law x == yywv/h (y being a 
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co-ordinate measured through the wall). "Then the condition (16.13) gives x JU/h -- S, 
where ZL is the perimeter of the pipe cross-section and S the area which it encloses. ‘Fhe 
second term in the expression (16.17) is small compared with the first, and we obtain 
C = 4hS*u/L. If the pipe is cut longitudinally along a generator, the torsional rigidity falls 
sharply, becoming (by the result of Problem 4) C = $uLh’. 


§17. Bending of rods 


A bent rod is stretched at some points and compressed at others. Lines on 
the convex side of the bent rod are extended, and those on the concave side 
are compressed. As with plates, there is a neutral surface in the rod, which 
undergoes neither extension nor compression. It separates the region of 
compression from the region of extension. 

Let us begin by investigating a bending deformation in a small portion of 
the length of the rod, where the bending may be supposed slight; by this we 
here mean that not only the strain tensor but also the magnitudes of the dis- 
placements of points in the rod are small. We take a co-ordinate system with 
the origin on the neutral surface in the portion considered, and the z-axis 
parallel to the axis of the undeformed rod. Let the bending occur in the 
zx-plane.t 

As in the bending of plates and the twisting of rods, the external forces on 
the sides of a thin bent rod are small compared with the internal stresses, and 
can be taken as zero in determining the boundary conditions at the sides of the 
rod. Thus we have everywhere on the sides of the rod ojgnz = 0, or, since 
nz = 0, oggNz+ozyny = 0, and similarly for 7 = y, z. We take a point on 
the circumference of a cross-section for which the normal n is parallel to the 
x-axis. There will be another such point somewhere on the opposite side 
of the rod. At both these points my = 0, and the above equation gives 
Orr = 0. Since the rod is thin, however, cz, must be small everywhere in the 
cross-section if it vanishes on either side. We can therefore put oz, 0) 
everywhere in the rod. In a similar manner, it can be seen that all the com. 
ponents of the stress tensor except oz, must be zero. That is, in the bending 
of a thin rod only the extension (or compression) component of the internal 
stress tensor is large. A deformation in which only the component «,, of 
the stress tensor is non-zero is just a simple extension or compression (§5). 
Thus there is a simple extension or compression in every volume element of 
a bent rod. The amount of this varies, of course, from point to point in every 
cross-section, and so the whole rod is bent. 

It is easy to determine the relative extension at any point in the rod. [uct 
us consider an element of length dz parallel to the axis of the rod and near 
the origin. On bending, the length of this element becomes ds’. ‘The only 
elements which remain unchanged are those which lic in the neutral surface. 
Let R be the radius of curvature of the neutral surface near the origin. ‘Vhe 


¢ In a rod undergoing only small deflections we can suppose that the bending occurs in a single 
plane. This follows from the result of differential geometry that the deviation of a slightly bent curve 
from a plane (its torsion) is of a higher order of smallness Chan ity curvature. 
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lengths dz and ds’ can be regarded as elements of arcs of circles whose radii 
are respectively R and R+x, x being the co-ordinate of the point where 


dz’ lies. Hence 
Rix x 
dz’ = dg = (1+=) dz. 
R R 


The relative extension is therefore (dx’—dz)/dz = x/R. 
The relative extension of the element dz, however, is equal to the com- 
ponent uw, of the strain tensor. Thus 
Uzz = x/R. (17.1) 


We can now find oz, by using the relation oz, = Euz, which holds for a 
simple extension. This gives 


Ozz = Ex/R. (17.2) 

The position of the neutral surface in a bent rod has now to be determined. 

This can be done from the condition that the deformation considered must 

be pure bending, with no general extension or compression of the rod. The 

total internal stress force on a cross-section of the rod must therefore be 

zero, 1.e. the integral f 0,2 df, taken over a cross-section, must vanish. Using 
the expression (17.2) for ozz, we obtain the condition 


[aaf= 0: (17.3) 


We can now bring in the centre of mass of the cross-section, which is that 
of a uniform flat disc of the same shape. The co-ordinates of the centre of 
mass are, as we know, given by the integrals [x df/{ df, fy df/f df. Thus the 
condition (17.3) signifies that, in a co-ordinate system with the origin in the 
neutral surface, the x co-ordinate of the centre of mass of any cross-section 
is zero. The neutral surface therefore passes through the centres of mass 
of the cross-sections of the rod. 

‘wo components of the strain tensor besides uzz are non-zero, since for a 


simple extension we have ugg = Uyy = —ottze. Knowing the strain tensor, 
we can easily find the displacement also: 
Uze = Ouz/dz = x/R, Ouz/Ox = Ouy/dy = — ox/R, 
Ouz Ux OU, Oly Oy Ouz 
ae Oz” yey 


Integration of these equations gives the following expressions for the com- 
ponents of the displacement: 


1 
Uz = — apt o(x? — y?)}, 


Uy = — oxy/R, Uz = x2/R. 


(17.4) 


The constants of integration have been put equal to zero; this means that 
we “fix” the origin. 


§17 Bendiny of rods vi 


It is seen from formulae (17.4) that the points initially on a cross-section 
2 = constant = zo will be found, after the deformation, on the surface 
& = %+uz = zo(1+x/R). We sec that, in the approximation used, the 
cross-sections remain plane but are turned through an angle relative to their 
initial positions. ‘The shape of the cross-section changes, however; tor 
example, when a rod of rectangular cross-section (sides a, b) is bent, the sides 
y = t 36 of the cross-section become y = +4b+uy = +4b(1—ox/R), ic. 
no longer parallel but still straight. The sides x = + 4a, however, are bent 
into the parabolic curves 


x= that+u, = tha — sleet o(fa?— y?)] 
(Fig. 14). 


The free energy per unit volume of the rod is 
Aoi = dozgttzz = ZEx?/R?2, 


Integrating over the cross-section of the rod, we have 
4(E/R2) | x2 df. (17.5) 


This is the free energy per unit length of a bent rod. Vhe radius of curvature 
R is that of the neutral surface. However, since the rod is thin, R can heie 
be regarded, to the same approximation, as the radius of curvature of the 
bent rod itself, regarded as a line (often called an “elastic line”). 

In the expression (17.5) it is convenient to introduce the moment of 
inertia of the cross-section. ‘The moment of inertia about the y-axis in its plane 
is defined as 


Ly [x df, (17.6) 


analogously to the ordinary moment of inertia, but with the surface clement 
df instead of the mass clement. ‘Then the free energy per unit fength of the 
rod can be written 


RT /[R". (17.7) 
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We can also determine the moment of the internal stress forces on a given 
cross-section of the rod (the bending moment). A force ozz df = (xE/R) df 
acts in the z-direction on the surface element df of the cross-section. Its 


moment about the y-axis is xo,z df. Hence the total moment of the forces 
about this axis is 


My = (EjR) | + df = Ely|R. (17.8) 


Thus the curvature 1/R of the elastic line is proportional to the bending 
moment on the cross-section concerned. 

The magnitude of Jy depends on the direction of the y-axis in the cross- 
sectional plane. It is convenient to express Jy in terms of the principal 
moments of inertia. If @ is the angle between the y-axis and one of the 
principal axes of inertia in the cross-section, we know from mechanics that 


Ty = Ly cos?0 + Iz sin26, (17.9) 


where J; and Jz are the principal moments of inertia. The planes through 
the z-axis and the principal axes of inertia are called the principal planes of 
bending. 

If, for example, the cross-section is rectangular (with sides a, b), its centre 
of mass is at the centre of the rectangle, and the principal axes of inertia 
are parallel to the sides. The principal moments of inertia are 


I, = a3b/12, Iz = ab3/12. (17.10) 


For a circular cross-section of radius R, the centre of mass is at the centre 
of the circle, and the principal axes are arbitrary. The moment of inertia 
about any axis lying in the cross-section and passing through the centre is 


= }oR4, (17.11) 


§18. The energy of a deformed rod 


In §17 we have discussed only a smail portion of the length of a bent rod. 
In going on to investigate the deformation throughout the rod, we must 
begin by finding a suitable method of describing this deformation. It is 
important to note that, when a rod undergoes large bending deflections, 
there is in general a twisting of it as well, so that the resulting deformation 
is a combination of pure bending and torsion. 

To describe the deformation, it is convenient to proceed as follows. We 
divide the rod into infinitesimal elements, each of which is bounded by two 
adjacent cross-sections. For each such element we use a co-ordinate system 
£, », ¢, so chosen that all the systems are parallel in the undeformed state, 
and their ¢-axes are parallel to the axis of the rod. When the rod is bent, the 


+ By this, it should be remembered, we mean that the vector u is not small, but the strain tensor 
is still small. 
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co-ordinate system in each element is rotated, and in general differently in 
different elements. Any two adjacent systems are rotated through an infint- 
tesimal relative angle. 

Let de be the vector of the angle of relative rotation of two systems at a 
distance d/ apart along the rod (we know that an infinitesimal angle of rotation 
can be regarded as a vector parallel to the axis of rotation; its componcnts 
are the angles of rotation about each of the three axes of co-ordinates). 

To describe the deformation, we use the vector 


Q = defdi, (18.1) 


which gives the ‘‘rate” of rotation of the co-ordinate axes along the rod. It 
the deformation is a pure torsion, the co-ordinate system rotates only about 
the axis of the rod, i.e. about the f-axis. In this case, therefore, the vector 
Q is parallel to the axis of the rod, and is just the torsion angle 7 used tn §16. 
Correspondingly, in the general case of an arbitrary deformation we can call 
the component Q, of the vector 2 the torsion angle. For a pure bendiny of the 
rod in a single plane, on the other hand, the vector 2 has no component Qy, 
i.e. it lies in the €y-plane at each point. If we take the plane of bending, as the 
€f-plane, then the rotation is about the 7-axis at every point, i.e, 2 is parallel 
to the y-axis. 

We take a unit vector t tangential to the rod (regarded as an clastic line). 
The derivative dt/d/ is the curvature vector of the line; its magnitude ts 
1/R, where R is the radius of curvature,j and its direction is that of the 
principal normal to the curve. The change in a vector due to an infinitesimal 
rotation is equal to the vector product of the rotation vector and the vector 
itself. Hence the change in the vector t between two neighbouring points of 
the elastic line is given by dt = de x t, or, dividing by di, 


dt/d/ = Qxt. (18.2) 
Multiplying this equation vectorially by t, we have 
Q = txdt/d/+t(t- Q). (18.3) 


The direction of the tangent vector at any point is the same as that of the 
t-axis at that point. Hence t- 2 = Q,. Using the unit vector m along the 
principal normal (n = R dt/dl), we can therefore put 


Q = txn/R+tO,. (18.4) 


The first term on the right is a vector with two components §2,, {&2,. 
The unit vector tx n is the binormal unit vector. ‘Vhus the components 42), 
Q,, form a vector along the binormal to the rod, whose magnitude equals the 
curvature 1/R. 


f It may be recalled that any curve in apace is characterised at each point by a curvature and a 
torsion, ‘Phia torsion (which we shall not use) should not be confused with the torsional deformation, 
which is a twisting of a rod about its axis, 
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By using the vector @ to characterise the deformation and ascertaining 
its properties, we can derive an expression for the elastic free energy of a 
bent rod. The elastic energy per unit length of the rod is a quadratic function 
of the deformation, i.e., in this case, a quadratic function of the components 
of the vector $2. It is easy to see that there can be no terms in this quadratic 
form proportional to Q,Q, and Q,0,. For, since the rod is uniform along 
its length, all quantities, and in particular the energy, must remain constant 
when the direction of the positive ¢-axis is reversed, i.e. when ¢ is replaced 
by —¢, whereas the products mentioned change sign. 

For Q, = Q, = 0 we have a pure torsion, and the expression for the 
energy must be that obtained in §16. Thus the term in Q,2 in the free 
energy is $CQ,?. 

Finally, the terms quadratic in Q, and Q, can be obtained by starting from 
the expression (17.7) for the energy of a slightly bent short section of the rod. 
Let us suppose that the rod is only slightly bent. We take the €f-plane as 
the plane of bending, so that the component Q, is zero; there is also no torsion 
in a slight bending. The expression for the energy must then be that given 
by (17.7), i.e. gET,/R?. We have seen, however, that 1/R? is the square of the 
two-dimensional vector (Q,, Q,). Hence the energy must be of the form 
g£T,Q,,?. For an arbitrary choice of the € and 7 axes this expression becomes, 
as we know from mechanics, 


BET) 2? + 2, QO ¢+ [eQ,°), 


where Lin» Lye Ize are the components of the inertia tensor for the cross- 
section of the rod. It is convenient to take the € and 7 axes to coincide with 
the principal axes of inertia. We then have simply gE(hO? + 12Q,?), where 
I,, [2 are the principal moments of inertia. Since the coefficients of Q.? and 
Q,2 are constants, the resulting expression must be valid for large deflections 
also. 

Finally, integrating over the length of the rod, we obtain the following 


expression for the elastic free energy of a bent rod: 
Froa = | §hEQ2+}EO,2+4COZIdl. (18.5) 


Next, we can express in terms of Q the moment of the forces acting on 
a cross-section of the rod. ‘This is easily done by again using the results 
previously obtained for pure torsion and pure bending. In pure torsion, the 
moment of the forces about the axis of the rod is Cr. Hence we conclude 
that, in the general case, the moment M, about the ¢-axis must be CQ,. 
Next, in a slight deflection in the éZ-plane, the moment about the y-axis is 
EI,/R. In such a bending, however, the vector @ is along the 7-axis, so that 
1/R is just the magnitude of Q, and Eh/R = El,Q. Hence we conclude 
that, in the general case, we must have M, = ENQ,, M, = FI2Q, (the é and 
n axes being along the principal axcs of inertia in the cross-section). ‘Ihus 


SIs The encrey of a deformed sod Sl 


the components of the moment vector Mare 


M,= EQ, M, ERO, My - CQ, (14.6) 

The elastic energy (18.5), expressed in terms of the moment of the forces, ©. 
F {ors M? M2 7 me 

a SL ee Dp eee me | 9 RY 
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An important case of the bending of rods is that of a slight bending, im 
which the deviation from the initial position is everywhere small compared 
with the length of the rod. In this case torsion can be supposed absent, and 
we can put 2, = 0, so that (18.4) gives simply 


& = txn/R =: t xdt/d. (18.8) 


We take a co-ordinate system x, y, 2 fixed in space, with the 2 axts along: the 
axis of the undeformed rod (instead of the system &, 7, € for cach point in the 
rod), and denote by X, Y the co-ordinates x, y for points on the clastic tine, 
X and Y give the displacement of points on the line from: then poutious 
before the deformation. 

Since the bending is only slight, the tangent vector t is almost parallel 
to the z-axis, and the difference in direction can be approxtmately neplected. 
The unit tangent vector is the derivative t 9 dr/d/ of the radius vector or 
of a point on the curve with respect to its length. Hence 


dt/d/ = d@r/d/? = d@r/dz*; 


the derivative with respect to the length can be approximately replaced by 
the derivative with respect to z. In particular, the x and y components of 
this vector are respectively d?X/dz? and d? ¥/ds®. ‘Phe components 0,0 
are, to the same accuracy, equal to Q,, Q,, and we have from (18.8) 

Q, = —d?Y/dz?, Q, 


a 


q 


oe CN lat (18.9) 


Substituting these expressions in (18.5), we obtain the clastic energy of a 
slightly bent rod in the form 


—fd2zyy2 A2Y \2 
Froa = 4B | {n( -) 7a Jae. (1810) 
dz? dz? 


Here J; and Jz are the moments of inertia about the axes of xand_-y respectively, 
which are the principal axes of inertia. 

In particular, for a rod of circular cross-section, Ty = J, 7, and the 
integrand is just the sum of the squared second derivatives, which im the 
approximation considered is the square of the curvature: 


ee ) (" Y ) { 
- -} pete, 
wie de? Re? 
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Hence formula (18.10) can be plausibly generalised to the case of slight 
bending of a circular rod having any shape (not necessarily straight) in its 
undeformed state. To do so, we must write the bending energy as 


1 1\2 
Froa = 4£I | (— — —) de, 18.11 
eur J F: za) 4 
where Rp is the radius of curvature at any point of the undeformed rod. This 
expression has a minimum, as it should, in the undeformed state (R = Ro), 
and for Ro -> oo it becomes formula (18.10). 


§19. The equations of equilibrium of rods 


We can now derive the equations of equilibrium for a bent rod. We again 
consider an infinitesimal element bounded by two adjoining cross-sections 
of the rod, and calculate the total force acting on it. We denote by F the 
resultant internal stress on a cross-section.t The components of this vector 
are the integrals of oj¢ over the cross-section: 


Fy = | og dy. (19.1) 


If we regard the two adjoining cross-sections as the ends of the element, a 
force F+ dF acts on the upper end, and —F on the lower end; the sum of 
these is the differential dF. Next, let K be the external force on the rod per 
unit length. Then an external force K di acts on the element of length dl. 
The resultant of the forces on the element is therefore dF +K di. This must 
be zero in equilibrium. Thus we have 


dF/d/ = — K. (19.2) 


A second equation is obtained from the condition that the total moment of 
the forces on the element is zero. Let M be the moment of the internal 
stresses on the cross-section. ‘This is the moment about a point (the origin) 
which lies in the plane of the cross-section; its components are given by 
formulae (18.6). We shall calculate the total moment, on the element con- 
sidered, about a point O lying in the plane of its upper end. Then the 
internal stresses on this end give a moment M+dM. The moment about O 
of the internal stresses on the lower end of the element is composed of the 
moment —M of those forces about the origin O’ in the plane of the lower 
end and the moment about O of the total force —F on that end. This latter 
moment is — dl x —F, where dl is the vector of the element of length of the 
rod between O’ and O. The moment due to the external forces K is of a 
higher order of smallness. Thus the total moment acting on the element 
considered is dM+d1xF. In equilibrium, this must be zero: 


dM+ di xF = 0. 


+ This notation will not lead to any confusion with the free energy, which docs not appear in 


§§19-21. 
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Dividing this equation by dé and using the fact that dI/dZ => t ts the unit 
vector tangential to the rod (regarded as a line), we have 


dM/dl = F xt. (19.3) 


Equations (19.2) and (19.3) form a complete set of equilibrium cquations 
for a rod bent in any manner. 

If the external forces on the rod are concentrated, i.e. applied only at 
isolated points of the rod, the equilibrium equations at all other points are 
much simplified. For K = 0 we have from (19.2) 


F = constant, (19.4) 


i.e. the stress resuitant is constant along any portion of the rod between 
points where forces are applied. The values of the constant are found from 
the fact that the difference Fe— Fy, of the forces at two points 1 and 21s 


F,—F, = — XK, (19.5) 


where the sum is over all forces applied to the segment of the rod between 
the two points. It should be noticed that, in the difference By Fy, the 
point 2 is further from the point from which /is measured than is the pomt 1; 
this is important in determining the signs in equation (19.5). In particular, af 
only one concentrated force f acts on the rod, and is applied at tts free end, 
then F = constant = fat all points of the rod. 

The second equilibrium equation (19.3) is also simplified. Putting 
t = di/d/ = dr/d/ (where r is the radius vector from any fixed point to the 
point considered) and integrating, we obtain 


M = F Xr-+constant, (19.6) 
since F is constant. 

If concentrated forces also are absent, and the rod is bent by the application 
of concentrated moments, i.e. of concentrated couples, then Fo constant 
at all points of the rod, while M is discontinuous at points where couples 
are applied, the discontinuity being equal to the moment of the couple. 

Let us consider also the boundary conditions at the ends of a bent rod. 
Various cases are possible. 

The end of the rod is said to be clamped (fig. 4a, §12) fit cannot move 
either longitudinally or transversely, and moreover its direction (1.c. the direc 
tion of the tangent to the rod) cannot change. In this case the boundary 
conditions are that the co-ordinates of the end of the rod and the unit tanyen 
tial vector t there are given. The reaction force and moment exerted on the 
rod by the clamp are determined by solving the equations. 

The opposite case is that of a free end, whose position and direction are 
arbitrary. In this case the boundary conditions are that the force F and 
moment M must be zero at the end of the rod. 


t Ifa concentrated force fis applied to the free end of the red, the boundary condition is Fo. ff 


not F.- 0. 
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If the end of the rod is fixed to a hinge, it cannot be displaced, but its 
direction can vary. In this case the moment of the forces on the freely turning 
end must be zero. 

Finally, if the rod is supported (Fig. 4b), it can slide at the point of support 
but cannot undergo transverse displacements. In this case the direction t of 
the rod at the support and the point on the rod at which it is supported are 
unknown. ‘The moment of the forces at the point of support must be zero, 
since the rod can turn freely, and the force F at that point must be perpen- 
dicular to the rod; a longitudinal force would cause a further sliding of the 
rod at this point. 

The boundary conditions for other modes of fixing the rod can easily be 
established in a similar manner. We shall not pause to add to the typical 
examples already given. 

It was mentioned at the beginning of §18 that a rod of arbitrary cross- 
section undergoing large deflections is in general twisted also, even if no 
external twisting moment is applied to the rod. An exception occurs when a 
rod is bent in one of its principal planes, in which case there is no torsion. 
For a rod of circular cross-section no torsion results for any bending (if there 
is no external twisting moment, of course). This can be seen as follows. ‘The 
twisting is given by the component Q, = Q-t of the vector Q. Let us 
calculate the derivative of this along the rod. To do so, we use the fact that 
Q, = M/C: 

d dQ, dM dt 
—(M.t) = C--= = —~-t+M.-—. 
dl di d/ dl 
Substituting (19.3), we see that the first term is zero, so that 
CdQ,/di = M-dt/dl. 


For a rod of circular cross-section, Jj = Ip = I; by (18.3) and (18.6), we can 
therefore write M in the form 


M = Elt xdi/d/+tCQ,. (19.7) 
Multiplying by dt/dd, we have zero on the right-hand side, so that 
dQ,/di = 0, 
whence 
Q, = constant, (19.8) 


i.e. the torsion angle is constant along the rod. If no twisting moments are 
applied to the ends of the rod, then Q, is zero at the ends, and there is no 
torsion anywhere in the rod. 

For a rod of circular cross-section, we can therefore put for pure bending 


d2r 


ir 
M += Eltxdt/d! = ET x. 
di ae 


(19.9) 
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Substituting this in (19.3), we obtain the equation for pure bending: of a 
circular rod: 

re rae d3r r dr er 

1 {—- — x---. +. } 
di dis dl ( 


PROBLEMS 


PROBLEM 1. Reduce to quadratures the problem of determining the shape of a rod of 
circular cross-section bent in one plane by concentrated forces. 


SoLuTION, Let us consider a portion of the rod lying between points where the forces 
are applied; on such a portion F is constant. We take the plane of the bent rod as the vy 
plane, with the y-axis parallel to the force F, and introduce the angle @ between the tanyrent 
to the rod and the y-axis. Then dx/d/ = sin 6, dy/di = cos 8, where x, y are the co-ordinates 
of a point on the rod. Expanding the vector products in (19.10), we obtain the following 
equation for @ as a function of the arc length J: EJd?@/d/?—F sin? = 0. A first inteyration 
gives 4FI(d@/dl)?+F cos @ = c,, and 


dé 


] = + V(GED | en rea (1) 


The function 9(1) can be obtained in terms of elliptic functions. "The co-ordinates: 


x = | sind dl, y= | cos@ dl 


are 
x= +4/[2EI(e;—F cos @)/F?]+ constant, 
+ VGED cos 6 dé : ote (.) 
= —_______—+ constant. 
: Geer, 


The moment M (19.9) is parallel to the z-axis, and its magnitude is AJ =- HMA@/adl. 


PROBLEM 2. Determine the shape of a bent rod with one end clamped and the other under 
a force f perpendicular to the original direction of the rod (Fig. 15). 


Fic. 15 


SOLUTION. We have F = constant = f everywhere on the rod. At the clamped end 
(1 = 0), 8 = 42, and at the free end (1 = EL, the length of the rod) M = 0,i.¢.0% 0. Duttsny 
6(L) = 9, we have in (1), Problem 1, cy = f cos 09 and 


do 
= VEE nf = 


V/(cos My cos 0)” 
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Hence we obtain the equation for @: 
4a 


L= vaEti { ——— 
; F a/(cos 9—cos 8) 


The shape of the rod is given by 


x = 4/(2EI/f)[\/(cos 89) — \/(cos 89 — cos 8) I, 


in 
cos § dé 
y = VET) | 7 


08 9 — cos 0)” 


PROBLEM 3. The same as Problem 2, but for a force f parallel to the original direction of 
the rod. 


| 


iS 
| 


aD 


a a te ee OX 
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SOLUTION. We have F = —f; the co-ordinate axes are taken as shown in Fig. 16. The 
boundary conditions are @ = 0 for 1 = 0, #’ = 0 for! = L. Then 


I= VGElif) i ie 
° 3 a/(cos 8— cos 89)’ 


6) = OL) 


where 


is given by 
9, 


L= EI, eee 
= VGEI) | 4/(cos 8 ~ cos 89) 


For x and y we obtain 


x = ¥(2EIIf)LV/(1—cos 6) — +/(cos 0 — cos &)} 


cos 6 dé 


os 8 — cos 09) 


0 
y= VENA | 
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For a small deflection, 8g-) 1, and we can write 
0, 


dé 
~ y(ELIf) | Tage, = VEU 


i.e. 99 does not appear. This shows that, in accordance with the result of §21, Problem 3, 
the solution in question exists only for f > 7®EI/4L*, i.e. when the rectilinear shape ceases 
to be stable. 
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ProBLEM 4. The same as Problem 2, but for the case where both ends of the rod are sup- 
ported and a force f is applied at its centre. The distance between the supports is Jig 


SOLUTION. We take the co-ordinate axes as shown in Fig. 17. The force F is constant on 
each of the segments AB and BC, and on each is perpendicular to the direction of the rod at 
the point of support A or C. The difference between the values of F on AB and BC is f, 
and so we conclude that, on AB, F sin 64 = —4/f, where @, is the angle between the y-axis 
and the line AC. At the point A (J = 0) we have the conditions 8 = $7 and M >= 0, ice. 
8’ = 0, so that on AB 


EI sin % i dé 5 / ET sin 89 cos 8 
. fa ; a/cos 0” 7 f = 


ETI sin O° 
y= lI a/cos 6 dé. 
8 


The angle @, is determined from the condition that the projection of AB on the straight line 
AC must be 4£5, whence 


its —— sin 89 f'cos(0— 60) cos? = 00) 


f _ vsind 


For some value 9 lying between 0 and $7 the derivative df/d@, (f being regarded as a function 
of 9,) passes through zero to positive values. A further decrease in 99, i.e. increase in the 
deflection, would mean a decrease in f. This means that the solution found here becotnes 
unstable, the rod collapsing between the supports. 


Propiem 5. Reduce to quadratures the problem: of three-dimensional bending of a rod 
under the action of concentrated forces. 
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SOLUTION. Let us consider a segment of the rod between points where forces are applied, 
on which F = constant. Integrating (19.10), we obtain 


Wo Se F 1 
Sal apo es (1) 


the constant of integration has been written as a vector cF parallel to F, since, by appro- 
priately choosing the origin, i.e. by adding a constant vector to r, we can eliminate any vector 
perpendicular to F. Multiplying (1) scalarly and vectorially by r’ (the prime denoting 
differentiation with respect to /), and using the fact that r’+r’” = 0 (since r’* = 1), we obtain 
FerxXe’+cFer’ = 0; Eire” = (Fxr)xr’+cFxr’. In components (with the z-axis parallel 


to F) we obtain (xy’—yx’)+e2’ = 0, Elz” = —F(xx’+ yy"). Using cylindrical polar co- 
ordinates 7, ¢, z, we have 
rd) +e2x' = 0, Elz" = — Fr’. (2) 
The second of these gives 
2’ = F(A—r2)/2EI, (3) 
where 4 is a constant. Combining (2) and (3) with the identity r’+7r°f’8+2’? = 1, we find 
ry dr 


die | 
J [r2— (72+ €2)(A — 22 F2/4 E222] 


and then (2) and (3) give 
F (A—r?)\r dr 
— Al [12 — F2(r2 + (A —72)2/4B222) 
cF (A —r?) dr 
es 2EI i ry/ [72 — F2(r? + c2)(A — r?)2/4 E272] 


which gives the shape of the bent rod. 


PROBLEM 6. A rod of circular cross-section is subjected to torsion (with torsion angle 7) 
and twisted into a spiral. Determine the force and moment which must be applied to the 
ends of the rod to keep it in this state. 


SoLution. Let R be the radius of the cylinder on whose surface the spiral lies (and along 
whose axis we take the z-direction) and « the angle between the tangent to the spiral and a 
plane perpendicular to the z-axis ; the pitch # of the spiral is related to cand R byfA = 27Rtana, 
The equation of the spiral is x = Ros ¢, y = Rsin ¢, z = dRtan a, where ¢ is the angle 
of rotation about the z-axis. The element of length is dl = (R/cos a)d¢é. Substituting these 
expressions in (19.7), we calculate the components of the vector M, and then the force F 
from formula (19.3); F is constant everywhere on the rod. The result is that the force F is 
parallel to the z-axis and its magnitude is F = Fz = (Cr/R) sin a—(EI/R?) cos? « sin «. 
The moment M has a z-component Mz = Cr sin «+(EI/R) cos? «and a ¢-component, along 
the tangent to the cross-section of the cylinder, Mg = FR. 


PROBLEM 7. Determine the form of a flexible wire (whose resistance to bending can be 
neglected in comparison with its resistance to stretching) suspended at two points and in a 
gravitational field. 


SOLUTION. We take the plane of the wire as the xy-plane, with the y-axis vertically down- 
wards. In equation (19.3) we can neglect the term dM/d/, since M is proportional to EJ. 
Then FXt = 0, ie. F is parallel to t at every point, anc we can put F =2 Ft. Equation (19.2) 


then gives 
d/_dx dy dy 
ims eg 
di\ dl d/\ d/l 


§20 Small deflections of rods 89 


where g is the weight of the wire per ut length; hence F dx/dl = c, F dy/dl = ql, and so 
F= V(c?+q'l), so that dx/di = A/\/(A?--2), dy/di = 1/\/(A?+9), where A = e/g. 
Integration gives x = 4 sinh—(1/A), y = V(A?+P), whence y = A cosh (x/A), ie. the 
wire takes the form of a catenary. The choice of origin and the constant A are determined 
by the fact that the curve must pass through the two given points and have a given length. 


§20. Small deflections of rods 


The equations of equilibrium are considerably simplified in the IMportant 
case of small deflections of rods. This case holds if the direction of the 
vector t tangential to the rod varies only slowly along its length, i.e. the deriva- 
tive dt/d/ is small. In other words, the radius of curvature of the bent rod js 
everywhere large compared with the length of the rod. In practice, this 
condition amounts to requiring that the transverse deflection of the rod is 
small compared with its length. It should be emphasised that the deflection 
need not be small compared with the thickness of the tod, as it had to be in 
the approximate theory of small deflections of plates given in §§11-12.+ 

Differentiating (19.3) with respect to the length, we have 


dM dF Ext ve 
apo “gph ae i) 


The second term contains the small quantity dt/d/, and so can usually be 
neglected (some exceptional cases are discussed below). Substituting in the 
first term dF/d/ = —K, we obtain the equation of equilibrium in the form 


d2M/di? = txK. (20.2) 


We write this equation in components, substituting in it from (18.6) and 
(18.9) 


M, = —E]Y", My, = EX", M, = 0, (20.3) 


where the prime denotes differentiation with respect to z. The unit vector t 
may be supposed to be parallel to the z-axis. Then (20.2) gives 


EkX™—K,=0,  EhY—K, = 0. (20.4) 


These equations give the deflections X and Y as functions of z, i.e. the shape 
of a slightly bent rod. 

The stress resultant F on a cross-section of the rod can also be expressed in 
terms of the derivatives of X and Y. Substituting (20.3) in (19.3), we obtain 


Fy = —EI,X’", Fy = —-EhY’”. (20.5) 


We see that the second derivatives give the moment of the internal stresses, 
while the third derivatives give the stress resultant. 'T he force (20.5) is 
called the shearing force. If the bending is due to concentrated forces, the 
shearing force is constant along cach segment of the rod between points 


Tt We shall not give the complex theory of the bendmp of rods which are not straight when un- 
deformed, but only connidet one mouiple example (ace Problenim & and 9), 


4 
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where forces are applied, and has a discontinuity at cach of these points 
equal to the force applied there. 

The quantities Elz and Ed are called the flexural rigidities of the rod in 
the xz and yz planes respectively.t 

If the external forces applied to the rod act in one plane, the bending takes 
place in one plane, though not in general the same plane. The angle between 
the two planes is easily found. If « is the angle between the plane of action of 
the forces and the first principal plane of bending (the xz-plane), the equa- 
tions of equilibrium become XY) = (K/IzF) cosa, YY) = (K/ME) sin «. 
The two equations differ only in the coefficient of K. Hence X and Y are 
proportional, and Y = (XJe/I;)tana. The angle @ between the plane of 
bending and the xz-plane is given by 


tan@ = (Jo/J) tana. (20.6) 


For a rod of circular cross-section ; = Ig and « = @, i.e. the bending occurs 
in the plane of action of the forces. The same is true for a rod of any cross- 
section when « = Q, i.e. when the forces act in a principal plane. The magni- 
tude of the deflection £ = »/(X2+ Y) satisfies the equation 


EIt4v) = K, I = Tye/4/(h2 cos®a + Ip? sin?«). (20.7) 
The shearing force F is in the same plane as K, and its magnitude is 


F = —EIt'", (20.8) 


Here J 1s the ‘ =ffective’” moment of inertia of the cross-section of the rod. 

We can writ down explicitly the boundary conditions on the equations of 
equilibrium for a slightly bent rod. If the end of the rod is clamped, we must 
have X = Y = 0 there, and also X’ = Y’ = 0, since its direction cannot 
change. Thus the conditions at a clamped end are 


X=Y=0, X= Y' =0. (20.9) 


The reaction force and moment at the point of support are determined from 
the known solution by formulae (20.3) and (20.5). 

When the bending is sufficiently slight, the hinging and supporting of a 
point on the rod are equivalent as regards the boundary conditions. The 
reason is that, in the latter case, the longitudinal displacement of the rod at 
its point of support is of the second order of smallness compared with the 


ft An equation of the form 
DX) — Ky, = 0 (20.4a) 


also describes the bending of a thin plate in certain limiting cases. Let a rectangular plate (with 
sides a, 6 and thickness h) be fixed along its sides a (parallel to the y-axis) and bent along its sides b 
(parallel to the z-axis) by a load uniform in the y-direction. In the general case of arbitrary a and b, 
the two-dimensional equation (12.5), with the appropriate boundary conditions at the fixed and free 
edges, must be used to determine the bending. In the limiting case a 35> 6, however, the deformation 


may be regarded as uniform in the y-direction, and then the two-dimensional equilibrium equation 
becomes of the form (20.4a), with the flexural rigidity replaced by =. BhSaf/l2(1 6"). Equation 
(20.4a) is also applicable to the opposite limiting case a-< 6, when the plate can be reyarded as a 
rod of length & with a narrow rectangular cross-section (a rectangle of sides a and A); in this case, 


however, the flexural rigidity is 2). H7_0+ Iha/12. 
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transverse deflection, and can therefore be neglected. ‘Vhe boundary con- 
ditions of zero transverse displacement and moment give 


XAVS0. XS yrs 0 (20.10) 


The direction of the end of the rod and the reaction force at the point of 
support are obtained by solving the equations. 

Finally, at a free end, the force F and moment M must be zero. According 
to (20.3) and (20.5), this gives the conditions 


xX = y” = 0, , Cae = y’”’ = 0. (20.1 1) 


If a concentrated force is applied at the free end, then F must be equal to this 
force, and not to zero. 

It is not difficult to generalise equations (20.4) to the case of a rod of 
variable cross-section. For such a rod the moments of inertia /) and /» are 
functions of z. Formulae (20.3), which determine the moment at any cross 
section, are still valid. Substitution in (20.2) now gives 


B45) “Ky Bh) =e (20.12) 
dz?\ dz? dz2\ dz? 
in which J; and Jz must be differentiated. The shearing force is 
F, = F(a y= -e_(n53). (20.13) 
dz \ dz? ey, ee 


Let us return to equations (20.1). Our neglect of the second term on the 
right-hand side may in some cases be illegitimate, even if the bending ts 
slight. The cases involved are those in which a large internal stress resultant 
acts along the rod, i.e. Fz is very large. Such a force is usually caused by a 
strong tension of the rod by external stretching forces applicd to its ends. 
We denote by T the constant lengthwise stress Fz. If the rod is strongly 
compressed instead of being extended, 7 will be negative. In expanding, the 
vector product F xdt/d/ we must now retain the terms in 7°, but those in /*, 
and Fy can again be neglected. Substituting X”, Y”, 1 for the components 
of the vector dt/d/, we obtain the equations of equilibrium in the form 


LhEX) — TX" —K, = 0, 


(20.14) 
LEY —TY"—Ky = 0. 


The expressions (20.5) for the shearing force will now contain additional 
terms giving the projections of the force 7 (along the vector t) on the wand 
y axes : 


Fy == —ERX'’+TX’, By = —ENY'+7TY". (20.15) 

‘These formulae can also, of course, be obtained directly from (19.3). 
In some cases a large force T can result from the bending itself, even if 
no stretching forces are applied. Let us consider a rod with both ends 
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clamped or hinged to fixed supports, so that no longitudinal displacement is 
possible. Then the bending of the rod must result in an extension of it, 
which leads to a force Tin the rod. It is easy to estimate the magnitude of the 
deflection for which this force becomes important. The length L + AL of the 
bent rod is given by 


L 
L+AL = [V(1+X+ Y") de, 
0 


taken along the straight line joining the points of support. For slight bending 
the square root can be expanded in series, and we find 


L 
AL =} J (X’24 Y2) de. 
0 


The stress force in simple stretching is equal to the relative extension multi- 
plied by Youne’s modulus and by the area S of the cross-section of the rod. 
Thus the force T is 


pa PS ixe Yehd 20.16 
se ai a! (20.16) 


If 5 is the order of magnitude of the transverse bending, the derivatives 
X’ and Y’ are of the order of 5/L, so that the integral in (20.16) is of the 
order of 52/L, and T ~ ES(6/L)?. The orders of magnitude of the first and 
second terms in (20.14) are respectively EJ6/L4 and T6/L? ~ ES83/L4. The 
moment of inertia J is of the order of h4, and S ~ h2, where A is the thickness 
of the rod. Substituting, we easily find that the first and second terms in 
(20.14) are comparable in magnitude if 6 ~ h. ‘Thus, when a rod with fixed 
ends is bent, the equations of equilibrium can be used in the form (20.4) only 
if the deflection is small in comparison with the thickness of the rod. If 8 
is not small compared with / (but still, of course, small compared with JL), 
equations (20.14) must be used. The force T in these equations is not known 
a priori. It must first be regarded as a parameter in the solution, and then 
determined by formula (20.16) from the solution obtained; this gives the 
relation between T and the bending forces applied to the rod. 

The opposite limiting case is that where the resistance of the rod to bending 
is small compared with its resistance to stretching, so that the first terms in 
equations (20.14) can be neglected in comparison with the second terms. 
Physically this case can be realized either by a very strong tension force T or 
by a small value of EJ, which can result from a small thickness 4. Rods under 
strong tension are called strings. In such cases the equations of equilibrium 
are 


TX ER, 30, PY" VK, 22 0: (20.17) 
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The ends of the string are fixed, in the sense that their co-ordinates are given, 
1:€. 


X= Y=0. (2.0.18) 


The direction of the ends cannot be decided arbitrarily, but is given by the 
solution of the equations. 

In conclusion, we may show how the equations of equilibrium of a slightly 
bent rod may be obtained from the variational principle, using the expression 
(18.10) for the elastic energy: 


Froa = 3 [ {(h¥"2+ InX"2} de. 


In equilibrium the sum of this energy and the potential energy duc to the 
external forces K acting on the rod must be a minimum, i.c. we must have 
SF roa — f(Kz8X+ K,SY) dz = 0, where the second term is the work done 
by the external forces in an infinitesimal displacement of the rod. In varying 
Froa, we effect a repeated integration by parts: 


45 [ X"2 de 


| X"8X" dz 


I 


[x"8x"]— | XX" de 
= [X"8X"]—[X""5X] + | XMSX ds, 
and similarly for the integral of Y’’2. Collecting terms, we obtain 
[ (EN Y—K,)3¥+ (ELX —K,)5X] de+ 


+ ELl(¥"SY’— Y'"8Y)] + Eh{(X"8X’— X”"SX)] = 0. 


The integral gives the equilibrium equations (20.4), since the variations 3 
and 6Y are arbitrary. The integrated terms give the boundary conditions on 
these equations; for example, at a free end the variations 6X, 5Y, oN’, 6)" 
are arbitrary, and the corresponding conditions (20.11) are obtained. Also, 
the coefficients of 5X and SY in these terms give the expressions (20.5) for 
the components of the shearing force, and those of 5X’ and SY" yive the 
expressions (20.3) for the components of the bending moment. 

Finally, the equations of equilibrium (20.14) in the presence of a tension 
force T-can be obtained by the same method if we include in the enerpy a 
term TAL = 47 {(X%+ Y”) ds, which is the work done by the force Tover a 
distance ALL equal to the extension of the rod. 


PROBLEMS 


PROovLEM 1. Determine the shape of a rod (of length J) bent by its own weight, for various 
modes of support at the ends. 
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SOLUTION. The required shape is given by a solution of the equation Cv) = q/II, where 
q is the weight per unit length, with the appropriate boundary conditions at its ends, as shown 
in the text. The following shapes and maximum displacements are obtained for various 
modes of support at the ends of the rod. The origin is at one end of the rod in each case. 


(a) Both ends clamped: 


C = qx%(z—1)2/24EI, (4) = gl4/384ET. 
(b) Both ends supported: 
£ = g2(z3—2lz2+1)/24EI, (41) = 5ql4/384ET. 
(c) One end (z = J) clamped, the other supported: 
C = g2(223—3l22+13)/48ET, (0-421) = 0-0054q/4/EI. 
(d) One end (z = 0) clamped, the other free: | 
C= q2°(2z2—Alz+612)/24EI, (1) = ql4/8EI. 


PROBLEM 2. Determine the shape of a rod bent by a force f applied to its mid-point. 


SOLUTION. We have (”) = 0 everywhere except at z = 4/1. The boundary conditions 
at the ends of the rod (z = 0 and z = J) are determined by the mode of support; at z = H, 
f, o’ and {” must be continuous, and the discontinuity in the shearing force F = —EI{’”’ 
must be equal to f. 


The shape of the rod (for 0 < 2 < 4/) and the maximum displacement are given by the 
following formulae: 


(a) Both ends clamped: 
£ = fz2(31—42)/48EI, t(4l) = f3/192EI. 
(b) Both ends supported: 
C = fe(3l2—422)/48EI, (41) = 13/48 EI, 
The rod is symmetrical about its mid-point, so that the functions ¢(z) in $1 < z < 1 are 
obtained simply by replacing z by l—z. 


PROBLEM 3. The same as Problem 2, but for a rod clamped at one end (z = 0) and free 
at the other end (z = /), to which a force f is applied. 


SoLuTIon. At all points of the rod F = constant = f, so that 0” = —f/EI. Using the 
conditions ¢ = 0, f’ = 0 for z = 0, (’ = 0 for z = 1, we obtain 


C= fe(3l—z)/6EI, (1) = #13/3 EL. 


PROBLEM 4, Determine the shape of a rod with fixed ends, bent by a couple at its 
mid-point. 


SoLuTion. At all points of the rod 0”) = 0, and at z = HH the moment M = EI” has 
a discontinuity equal to the moment m of the applied couple. The results are: 


(a) Both ends clamped: 
C = mz*(1—22)/8EIl for 0 < z < Fd, 
{= —m(l—2)*[l-2(/—2)]/8EIl for 41 < 2 <0. 
(b) Both ends hinged: 


C = me(l?-42°)/24Fll for 0 < z < 4), 
{= —m(I—2)[2?-4(1—2)2]/24Ell for kl < 2 <1 
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The rod is bent in opposite directions on the two sides of z == 41. 

ProsLEM 5. ‘Ihe same as Problem 4, but for the case where one end is clamped and the 
other end free, the couple being applied at the latter end. 

SoLuTION. At all points of the rod M = Elf” = m, and at z = 0 we have J == 0, 0" - 0. 
The shape is piven by € = mz?/2EI. 

PROBLEM 6. Determine the shape of a circular rod with hinged ends stretched by a force 
T and bent by a force f applied at its mid-point. 


SoLuTION. On the segment 0 < z < 4I the shearing force is $f, so that (20.15) gives the 
equation 


t"_. TUJEI = —f{2El. 


The boundary conditions are £ = (” = 0 for z =0 and J; (’ =0 for 2 = df (since (' tn 
continuous). The shape of the rod (in the segment 0 < z < }/) is given by 


+ sinh kz 
7 (2 = nai) k= /(TIED. 
2F k cosh$hkl 


For small & this gives the result obtained in Problem 2 (b). For large kit becomes ( - fs/27, 
i.e., in accordance with equations (20.17), a flexible wire under a force f takes the form of 
two straight pieces intersecting at z = 31. 

If the force J' is due to the stretching of the rod by the transverse force, it must be deter- 
mined by formula (20.16). Substituting the above result, we obtain the equation 


173.1 1 3 1 8713 
wast ptanh — zjtanh | = , 
R612 2 2 kl 2 PS 


which determines T as an implicit function of f. 


ProsieM 7. A circular rod of infinite length lies in an elastic substance, i.e. when it in 
bent a force K = —«{ proportional to the deflection acts on it. Determine the shape of the 
rod when a concentrated force f acts on it. 

SoLUTION. We take the origin at the point where the force f is applied. he equation 
Elf‘) = —al holds everywhere except at z = 0. The solution must satisfy the condition 
€ =Oatz= +0, and atz=0¢’ and {” must be continuous; the difference between the 
shearing forces F = —EI¢’” for z + 0+ and z > 0— must be f. The required solution is 


f 
863EI 


PRoBLEM 8. Derive the equation of equilibrium for a slightly bent thin circular rod which, 
in its undeformed state, is an arc of a circle and is bent in its plane by radial forces. 


C 


en 


a \l/4 
e-flz\[cos B|z| + sin Blz\], p= (=) , 


SoLuTion. Taking the origin of polar co-ordinates r, ¢ at the centre of the circle, we wiite 
the equation of the deformed rod as r = a+ {(¢), where a is the radius of the are and (4 arnall 
radial displacement. Using the expression for the radius of curvature in polar co-ordinates, 
we find as far as the first order in ¢ 


1 72 — rr"! 4 Dy’ 1 f4¢" 
Ro (4728/2 ~ @ a2 


where the prime denotes differentiation with respect to ¢. According to (18.11), the clastic 
bending energy is 


F aie er BLT 2 d 
ma = UE (GZ) ab oa | CHER 
0 


) 
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¢o being the angle subtended by the arc at its centre. "Vhe equation of equilibrium is obtained 
from the variational principle 


do 
SFica= ( 8£Kya db = 0, 
) 
where K, is the external radial force per unit length, with the auxiliary condition 


do 
[Ed¢ = 0, 


which is, in this approximation, the statement of the fact that the total length of the rod is 
unchanged, i.e. it undergoes no general extension. Using LAGRANGE’s method, we put 


do do 
Sha | aK,Sl dd + aa | st dd = 0, 
i¢) 0 


where « is a constant. Varying the integrand in F,oq and integrating the 6¢” term twice by 
parts, we obtain 


| (c+ 2¢"" + 0) —aKy+ aa dd + 


EI tf ¢ EI , FLING 
+S [E+ 0°80" —- 10 + 0") 86] = 0. 
a a 
Hence we find the equation of equilibriumt 


EI({8¥) 426" + Dlat—K, +a = 0, (1) 


the shearing force F = —EI(¢’+¢’’’)/a®, and the bending moment M = EI({+(”)/a*; 
cf. the end of §20. The constant « is determined from the condition that the rod as a whole 
is not stretched. 


PROBLEM 9. Determine the deformation of a circular ring bent by two forces f applied 
along a diameter (Fig. 18). 


aor ccA 


bd a ee ee 
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t In the absence of external forces, Ky ~- O and a 0; the non-zero solutions of the resulting 
homogeneous equation correspond to a simple rotation or translation of the whole rod. 
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SOLUTION. Inteyrating equation (1), Problem 8, along the circumference of the ring, we 
have 27raa = fj Kyaddé -= 2f. We have equation (1) with AK, 0 everywhere except at 
¢=Oand¢=7: 


CO 4 20404 fa3/nEI = 0. 


The required deformation of the ring is symmetrical about the diameters AB and C7), and 
so we must have ¢’ = 0 at A, B, Cand D. The difference in the shearing forces for f+ 04 
must be f. The solution of the equation of equilibrium which satisfies these conditions is 


c= A cos on cos—_ sing), 0<¢d¢<-z. 


In particular, the points A and B approach through a distance 


2(0)+ em = (7 — -). 


§21. The stability of elastic systems 


The behaviour of a rod subject to longitudinal compressing forces is the 
simplest example of the important phenomenon of elastic instability, (inst 
discovered by L. EuLEr. 

In the absence of transverse bending forces Kz, Ky, the equations of 
equilibrium (20.14) for a compressed rod have the evident solution 
X = Y = 0, which corresponds to the rod’s remaining straight under a 
longitudinal force |7|. This solution, however, gives a stable equilibrium 
of the rod only if the compressing force |T7| is less than a certain critical value 
Ter. For |T'| < Tor, the straight rod is stable with respect to any small pertur- 
bation. In other words, if the rod is slightly bent by some small force, it will 
tend to return to its original position when that force ceases to act. 

If, on the other hand, |7| > Yer, the straight rod is in unstable equilibrium. 
An infinitesimal bending suffices to destroy the equilibrium, and a lape 
bending of the rod results. It is clear that, if this is so, the compressed rod 
cannot actually remain straight. 

The behaviour of the rod after it ceases to be stable must satisfy the equa 
tions for bending with large deflections. The value To, of the critical load, 
however, can be obtained from the equations for small deflections. Mor 
|Z| = Tor, the straight rod is in neutral equilibrium. This means that, besides 
the solution XY = Y = 0, there must also be states where the rod is sliyhtly 
bent but still in equilibrium. Hence the critical value of 7), is the value of 
|T'| for which the equations 


EI,X4) + |TLX” = 0, i (21.1) 


have a non-zero solution. "his solution gives also the nature of the deforma- 
tion of the rod immediately after it ceases to be stable. 


98 The Mquilibiiam of Rods and Plates §2 


The following Problems give some typical cases of the loss of stability in 
various elastic systems. 


PROBLEMS 
PROBLEM 1. Determine the critical compression force for a rod with hinged ends. 


SoLuTIon. Since we are seeking the smallest value of |T| for which equations (21.1) have 
a non-zero solution, it is sufficient to consider only the equation which contains the smaller 
of I, and J,. Let Iz << J;. Then we seek a solution of the equation FI,X")+|T|X” = 0 
in the form X = A+Bz+Csinkz+D cos kz, where k = \/(|T{/El,). The non-zero 
solution which satisfies the conditions X = X” = 0 for z = 0 and z =/is X = Csin kz, 
with sin kl = 0. Hence we find the required critical force to be Tg, = 7?EI,/l2. On ceasing 
to be stable, the rod takes the form shown in Fig. 19a. 


A 


Fic. 19 


PROBLEM 2. The same as Problem 1, but for a rod with clamped ends (Fig. 19b). 

SOLUTION. Tor = 40° EI,/I?. 

PROBLEM 3. The same as Problem 1, but for a rod with one end clamped and the other 
free (Fig. 19c). 

SoLuTION. Top = w*ET,/417. 

ProBLEM 4. Determine the critical compression force for a circular rod with hinged ends 
in an elastic medium (see §20, Problem 7). 


SoLuTION. The equations (21.1) must now be replaced by EIX(™+|T|X”+0X = 0. 
A similar treatment gives the solution X = A sin u7z/l, 


T wk 24. al4 
ae, (x aE)” 


where 7 is the integer for which To, is least. When « is large, m > 1, i.e. the rod exhibits 
several undulations as soon as it ceases to be stable. 


PROBLEM 5. A circular rod is subjected to torsion, its ends being clamped. Determine 
the critical torsion beyond which the straight rod becomes unstable. 


SoLuTION. The critical value of the torsion angle is determined by the appearance of 
non-zero solutions of the equations for slight bending of a twisted rod. To derive these 
equations, we substitute the expression (19.7) M = Eltx dt/di+C7t, where 7 is the constant 
torsion angle, in equation (19.3). This gives 


dt 


dt 
ERK re = BSE, 
ier 
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We differentiate; since the bending is not large, t may be regarded as a constant vector ty 
along the axis of the rod (the z-axis) in differentiating the first and third terms. Since also 
dF/di = 0 (there being no external forces except at the ends of the rod), we obtain 


3t d2 
Elt) X —-+ Cr— = 0, 
Oe ge ape 


or, in components, 
Yilv) KX” = 0, 
vat 
XW 4 KY" = 0, 


where «x = Cr/EI. Taking as the unknown function £ = X+iY, we obtain £0) pe’ 0, 
We seek a solution which satisfies the conditions £ = 0, & = Oforz =Oandsx J, inthe 
form £ = a(1+i«z—e'k?)+bz7, and obtain as the compatibility condition of the equations 
for a and b the relation eX! = (2+ixl)/(2—i«l), whence $x/ = tan $xl. ‘The smallest root 
of this equation is $xl = 4-49, so that 7, = 8-98EI/CL. 


PROBLEM 6. The same as Problem 5, but for a rod with hinged ends. 
SOLUTION. In this case we have € = a(1—e'X?—}x%z")+bz, where « is given by 
etl = |, ie. Kl = 2n. 
Hence the required critical torsion angle is to, = 27EI/CI. 
PROBLEM 7. Determine the limit of stability of a vertical rod under its own weight, the 
ower end being clamped. 


SoLuTion. If the longitudinal stress F, = T varies along the rod, df,/di # 0 in the 
first term of (20.1), and equations (20.14) are replaced by 


LEX) (TX —K, =.0, 
LEY™—(TY’) —Ky = 0. 
In the case considered, there are no transverse bending forces anywhere in the rod, and 


T = —gq(l—2z), where g is the weight of the rod per unit length and z is measured from the 
lower end. Assuming that I, < J, we consider the equation 


InEX’” = TX’ = — q(l—2z)X’; 


for z = 1, X’” = 0 automatically. The general integral of this equation for the function 
u= X’ is 


u = 9 *[aJ_4(y) + b)i(m)], 
n= $V [al—2/ER), 


The boundary conditions X’ = 0 for z = 0 and X” = 0 for z = 1 give for the function 
u(7) the conditions u = O for y = 79 = $V (qh /ET,), u’y' = 0 for 7 = 0. In order to nntinty 
these conditions we must put 6 = 0 and J-4(49) = 0. The smallest root of this equation 
is 7» = 1-87, and so the critical length is ., = 1-98(/1,/q)'". 


where 


ProsLem 8. A rod has an elongated cross-section, so that J," 7. One end is clamped 
and a force f is applied to the other end, which is free, so as to bend it in the principal x3-plane 
(in which the flexural rigidity is #/7,). Determine the critical force f£., at which the rod bent 
in a plane becomes unstable and the rod is bent sideways (in the ya-plane), at the same time 
undergoing torsion. 


100 The Hqultbriam of Rods and Plates ¥21 


SOLUTION. Since the rigidity FJ, is large compared with //, (and with the torsional 
rigidity C),+ the instability as regards sideways bending occurs while the deflection in the 
xz-plane is still small. To determine the point where instability sets in, we must form the 
equations for slight sideways bending of the rod, retaining the terms proportional to the 
products of the force f in the xz-plane and the small displacements. Since there is a concen- 
trated force only at the free end of the rod, we have F = f at all points, and at the free end 
(z = 1) the moment M = 0; from formula (19.6) we find the components of the moment 
relative to a fixed systern of co-ordinates x, y, 2: Mz = 0, My = (l—2)f, Mz = (Y—Yo)f, 
where Yy == Y(l). Taking the components along co-ordinate axes £, 9, fixed at each point 
to the rod, we obtain as far as the first-order terms in the displacements Mz = ¢(/—a2)f, 
M, = (l—z)f, Mz = (l—2z)f dY/dz+f(Y— Yo), where ¢ is the total angle of rotation of a 
cross-section of the rod under torsion; the torsion angle + = dd/dz is not constant along 
the rod. According to (18.6) and (18.9), however, we have for a small deflection 


M, = -EY", M,= ERX", M;,= C¢'; 
comparing, we obtain the equations of equilibrium 
ERX” = (l—2)f, ELLY" = —d(l-2)f, 
Ch! = (I—2)fY’+(Y— Yo)f. 


The first of these equations gives the main bending of the rod, in the xz-plane; we require 
the value of f for which non-zero solutions of the second and third equations appear. Eliminat- 
ing Y, we find 


$' +h(1—2)2 6 = 0, k2 = fENC. 
The general integral of this equation is 


p= av/(l—2)Ji[bkC— 2)?] +b (U— 2) Jala 2)].- 


At the clamped end (z = 0) we must have ¢ = 0, and at the free end the twisting moment 
C¢’ = 0. From the second condition we have a = 0, and then the first gives J-3(4k/*) = 0. 
The smallest root of this equation is $k/? = 2-006, whence for = 4-01+/(EL,C)/I*. 


{ For example, for a narrow rectangular cross-section of sides & and h (b>h), we have 
El, = bE/12, Ely = WhE/12, C = bh8y/3. 


CHAPTER III 


ELASTIC WAVES 


§22. Elastic waves in an isotropic medium 


Ir motion occurs in a deformed body, its temperature is not in general 
constant, but varies in both time and space. This considerably complicates 
the exact equations of motion in the general case of arbitrary motions. 

Usually, however, matters are simplified in that the transfer of heat from 
one part of the body to another (by simple thermal conduction) occurs very 
slowly. If the heat exchange during times of the order of the period of 
oscillatory motions in the body is negligible, we can regard any part of the 
body as thermally insulated, i.e. the motion is adiabatic. In adiabatic defor 
mations, however, oj; is given in terms of mz by the usual formulac, the 
only difference being that the ordinary (isothermal) values of F and « must be 
replaced by their adiabatic values (see §6). We shall assume in what follows 
that this condition is fulfilled, and accordingly FE and o in this chapter will be 
understood to have their adiabatic values. 

In order to obtain the equations of motion for an elastic medium, we must 
equate the internal stress force dojx/dx, to the product of the acceleration 
ii; and the mass per unit volume of the body, i.e. its density p: 


plig = Oo Oxy. (22.1) 


This is the general equation of motion. 
In particular, the equations of motion for an isotropic elastic medium can 
be written down at once by analogy with the equation of equilibrium (7.2). 


We have 


E 


—_ — d div u. a fal. 
Aiea ieee poe 


pu = 


Since all deformations are supposed small, the motions considered in the 
theory of elasticity are small elastic oscillations or elastic waves. We shall 
begin by discussing a plane clastic wave in an infinite isotropic medium, tc. 
a wave in which the deformation u is a function only of one co-ordinate 
(x, say) and of the time. All derivatives with respect to y and = in equations 
(22.2) are then zero, and we obtain for the components of the vector u the 
equations 


Uy 1 0°u, Oy 1 O2n, 


Se es | Cea ase a | (22.3) 


lol 
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IN 


(the equation for uz is the same as that for u,); heret 


op Onan! aera Mea 
ae a es as heey een) 


Equations (22.3) are ordinary wave equations in one dimension, and the 
quantities c; and c; which appear in them are the velocities of propagation of 
the wave. We see that the velocity of propagation for the component uz is 
different from that for u, and uz. 

Thus an elastic wave is essentially two waves propagated independently. 
In one (zz) the displacement is in the direction of propagation; this is called 
the longitudinal wave, and is propagated with velocity cj. In the other wave 
(uy, uz) the displacement is in a plane perpendicular to the direction of propa- 
gation; this is called the transverse wave, and is propagated with velocity c;. 
It is seen from (22.4) that the velocity of longitudinal waves is always greater 
than that of transverse waves: we always havet 


c > /(4/3)e¢. (22.5) 


The velocities cz and c; are often called the longitudinal and transverse veloci- 
ties of sound. 

We know that the volume change in a deformation is given by the sum of 
the diagonal terms in the strain tensor, i.e. by uj; = div u. In the transverse 
wave there is no component wz, and, since the other components do not 
depend on y or z, div u = 0 for such a wave. Thus transverse waves do not 
involve any change in volume of the parts of the body. For longitudinal 
waves, however, divu # 0, and these waves involve compressions and 
expansions in the body. 

The separation of the wave into two parts propagated independently with 
different velocities can also be effected in the general case of an arbitrary 
{not plane) elastic wave in an infinite medium. We rewrite equation (22.2) in 
terms of the velocities cz and c;: 


ii = ¢? Au+(c?— ¢?) grad div u. (22.6) 
We then represent the vector u as the sum of two parts: 
u = ut uy, (22.7) 
of which one satisfies 
div u; = 0 (22.8) 
and the other satisfies 
curl u; = 0. (22.9) 


‘We know from vector analysis that this representation (i.e. the expression of 


{ We may give also expressions for ¢c, and ¢ in terms of the moduli of compression and rigidity 
and the Lamé coefficients: ¢, == +/{(3K | 4)/3p} > /{(AE 20/p}, ce VA Cefp). 
f Since o actually varies only between O and g (see the second footnote to §5), we always have 


Ly > a/ 2c. 


$22 Mlastie waves in an wotropie medium 103 


a vector as the sum of the curl of a vector and the gradient of a scalar) is 
always possible. 
Substituting u = u,+u,; in (22.6), we obtain 


+t = 2 A(ut+ uz) + (72 — aq?) grad div wy. (22.10) 
We take the divergence of both sides. Since div u; = 0, the result ts 
divii; = ¢? A div u;+(c;2—¢7) A div uj, 


or div(iiz—c?A uy) = 0. The curl of the expression in parentheses 1s also 
zero, by (22.9). If the curl and divergence of a vector both vanish in all 
space, that vector must be zero identically. ‘Thus 
07 uy 2A 0 (22 i 
= = CL uy = UV. hase 
at? , 
Similarly, taking the curl of equation (22.10) we have, since the curls of uy 
and of any gradient are zero, curl (ti;—c2/\u,) > 0. Since the diverpence 
of the expression in parentheses is also zero, we obtain an cquation of the 
same form as (22.11): 


— oP Au = 0. (22125 


Equations (22.11) and (22.12) are ordinary wave equations in three dimen 
sions. Each of them represents the propagation of an clastic wave, with 
velocity c; and c; respectively. One wave (u;) does not involve a change in 
volume (since div u; = 0), while the other (wy) is accompanicd by volume 
compressions and expansions. 

In a monochromatic elastic wave, the displacement vector 1s 


u = re{uo(r)e*4}, (22-03) 
where up is a function of the co-ordinates which satisfies the equation 
C2 A Ug+ (c7?— ct”) grad div Ug -++ "Up ae Oh Cae. I 4) 


obtained by substituting (22.13) in (22.6). ‘The longitudinal and transverse 
parts of a monochromatic wave satisfy the equations 


A\uy+ ku; = 0, Auz+ Ruy (), bee 1 ) 


where ky = w/ci, ky = w/c; are the wave numbers of the longitudinal and 
transverse Wwavcs. 

Vinally, Jet us consider the reflection and refraction of a plane mono 
chromatic elastic wave at the boundary between two different clastic media. 
It must be borne in mind that the nature of the wave is in general chanped 
when it is reflected or refracted. Ifa purely transverse or purely longitudinal 
wave is incident on a surface of separation, the result is a mixed wave con- 
taining both transverse and Jongitudinal parts. “Vhe nature of the wave 
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remains unchanged (as we sce from symmetry) only when it is incident 
normaliy on the surface of separation, or when a transverse wave whose 
oscillations are parallel to the plane of separation is incident (at any angle). 

The relations giving the directions of the reflected and refracted waves can 
be obtained immediately from the constancy of the frequency and of the 
tangential components of the wave vector.t Let 6 and 6’ be the angles of 
incidence and reflection (or refraction) and ¢, c’ the velocities of the two waves. 
Then 


sin 8 c 

— =—. (22.16) 

sin @ c 

For example, let the incident wave be transverse. Then c = cy is the 

velocity of transverse waves in medium 1. For the transverse reflected wave 
we have c’ = cz; also, so that (22.16) gives 0 = 6”, i.e. the angle of incidence 
is equal to the angle of reflection. For the longitudinal reflected wave, 
however, c’ = cy, and so 

sin 6 CH 

sin 6’ C1 
For the transverse part of the refracted wave c’ = cj, and for a transverse 
incident wave 

sin @ CH 

sin 0’ C2 
Simulaly, for the longitudinal refracted wave 


sin 8 con 


sin @’ C12 


PROBLEMS 


ProBLEM 1. Determine the reflection coefficient for a longitudinal monochromatic wave 
incident at any angle on the surface of a body (with a vacuum outside).+ 


Fic. 20 
SOLUTION. When the wave is reflected, there are in general both longitudinal and trans- 
verse reflected waves. It is clear from symmetry that the displacement vector in the trans- 
verse reflected wave lies in the plane of incidence (Fig. 20, where No, N; and n¢ are unit 


+ See Fluid Mechanics, §65.' The arguments given there are applicable in their entirety. 

t The more general case of the reflection of sound waves from a solid-lquid interlace, and the 
similar problem of the reflection of a wave incident from a liquid on toa solid, are discussed by 11. M. 
BREKHOVSKIKU, Waves in Layered Media, §1, Ncadetvic Piei, New York Pao, 
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vectors in the direction of propagation of the incident, Jongitudinal reflected and transverse 
reflected waves, and Uo, Wy, Ue the corresponding displacement vectors). The total displace- 
ment in the body is given by the sum (omitting the common factor e~## for brevity) 


u = Agnoet* ails Aynyetkit 4+ Aya X nzetke-r, 


where a is a unit vector perpendicular to the plane of incidence. The magnitudes of the wave 
vectors are ky = ky = /C1, kt = w/cr, and the angles of incidence 68, and of reflection 41, 
@, are related by 6; = 9%, sin @: = (ce/c,) sin 99. For the components of the strain tensor at 
the boundary we obtain 


Use = iko( Ao + Aj) cos?69 + 1Aiky cos 0; sin G:, uy = iko( Ao + Ai), 
Uzy = tko(Ao— Ar) sin 0p cos 09 + 47 Ath: (cos? — sin?6;), 


again omitting the common exponential factor. ‘The components of the stress tensor can be 
calculated from the general formula (5.11), which can here be conveniently written 


Cig = 2perwix + pcr? — 2c1")uridix- 
The boundary conditions at the free surface of the medium are oikne = 0, whence 
Cgz =— SCyx = 0, 
giving two equations which express A; and A¢ in terms of Ay. The result is 


c2 sin 26; sin 209 — ¢/? cos* 20; 


A} =, Mig oy SoA een. 
c2 sin 20; sin 29 + ¢;7 cos* 20, 
2cjcz sin 209 cos 26; 
Ags: 40-3 ase os 
c2 sin 26; sin 209+ 72 cos? 20 
For 65 = 0 we have A; = —Ap, At = 0, ie. the wave is reflected as a purely longitudinal 
wave. The ratio of the energy flux density components normal to the surface in the reflected 
and incident longitudinal waves is Ry = |A,/A,|?. The corresponding ratio for the reflected 


transverse wave is 


c; cos 6; 


Rp = 


A; * 
aol 


cj COS ry 


The sum of R; and R; is, of course, 1. 


PROBLEM 2. The same as Problem 1, but for a transverse incident wave (with the ou ili 
tions in the plane of incidence).{ 


SoLuTION. The wave is reflected as a transverse and a longitudinal wave, with @: a, 
ce sin 6; = c,sin %. The total displacement vector is 


u = aXnoAoete-t + mAje*rt + aX nA jethe-r, 
The expressions for the amplitudes of the reflected waves are 
A; c2 sin 20; sin 289 — c7? cos" 200 
As c2 sin 20; sin 209 +c? 6822p ‘ 
Ay 2cycz sin 209 cos 2A 


Ao c2 sin 20; sin 209 4- ed cn 205 ° 


$ Uf the osedlations are perpendicular to the phine of incidence, the wave is entirely reflec ted nas 
wave of the same dane, ane so dy l. 
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Pros_eMm 3. Determine the characteristic frequencies of radial vibrations of an elastic 
phere of radius R. 


SOLUTION. We take spherical polar co-ordinates, with the origin at the centre of the sphere. 
For radial vibrations, u is along the radius, and is a function of r and ¢ only. Hence curlu = 0, 
We define the displacement “potential” $ by up = u = 0¢/er. The equation of motion, 
expressed in terms of ¢, is just the wave equation c7? A¢ = $¢, or, for oscillations periodic in 
time (~e iF) , 


i Bypaa 
Mos (22) eee (1) 


The solution which is finite at the origin is ¢ = (A/r) sin kr (the time factor is omitted). The 
radial stress is 


Orr = f(a — Qc4)uig + 2c 


= l(c? 208) Ag+ 2084" 


or, using (1), 


orp = — wh —4ci24" (2) 
The boundary condition"o;(R) = 0 leads to the equation 

tan kR 1 

RR 1—(kRe/2c,)2” (3) 


whose roots determine the characteristic frequencies w = kc; of the vibrations. 


ProsLeM 4. Determine the frequency of radial vibrations of a spherical cavity in an infinite 
elastic medium for which cz > cp (M. A. Isaxovicy 1949). 


SoxuTion. In an infinite medium, radial oscillations of the cavity are accompanied by the 
emission of longitudinal sound waves, leading to loss of energy and hence to damping of the 
oscillations. When c; > ¢; (i.e. K > p), this emission is weak, and we can speak of the charac- 
teristic frequencies of oscillations with a small coefficient of damping. 

We seek a solution of equation (1), Problem 3, in the form of an outgoing spherical wave 
¢ = Aet*rir, k = w/e, and, using (2), obtain from the boundary condition o(R) = 0 the 
result (kRez/ce)? = 4(1—ikR). Hence, when c; > cz, 


Cl 
The real part of w gives the characteristic frequency of oscillation; the imaginary part gives 
the damping coefficient. In an incompressible medium (c,-> 00) there would of course be no 
damping. These vibrations are specifically due to the shear resistance of the medium (w #0). 
It should be noticed that they have RR = 2es/cr <1, ice. the corresponding wavelength is 
large compared with R; it is interesting to compare this with the result for vibrations of an 
elastic sphere, where with c; > cz the first characteristic frequency is given by (3): RR = =. 


§23. Elastic waves in crystals 


The propagation of elastic waves in anisotropic media, i.e. in crystals, is 
more complicated than for the case of isotropic media. To investigate such 
waves, we must return to the general equations of motion piij == doix/Oxx 
and use for oj, the general expression (10.3) op == Ateomtim. According to 
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what was said at the beginning of §22, Aygim always denotes the adiabatic 
moduli of elasticity. 
Substituting for oj, in the equations of motion, we obtain 


OULm a Ouy OUm 
ica, 3 thi a 
Puy tkim Bi 4 iklm ae. its Ds 
0714; Om 
Veg ee 
3 a Or shia Ox,OX] 


Since the tensor Ajzzm is symmetrical with respect to the suflixes / and m 
we can interchange these in the first term, which then becomes identical 
with the second term. Thus the equations of motion are 


7 02m % 
pig = NIm————- (2.3.1) 
Ox,OX] 
Let us consider a monochromatic elastic wave in a crystal, We can seck 
a solution of the equations of motion in the form 1; nye °? where the 


Ui are constants, the relation between the wave vector kK and the frequency « 
being such that this function actually satisfies equation (23.1). Dillerentiation 
of u; with respect to time results in multiplication by ro, and diflerentia 
tion with respect to x; leads to multiplication by zky. Hence the above subst 
tution converts equation (23.1) into pw; = Aixmmlesekittn. Putting uy Ont, 
we can write this as 


(p@Sim — Aiximkki)um ==), ae ae 


This is a set of three homogeneous equations of the first degree Jor the 
unknowns uz, Uy, uz. Such equations have non-zero solutions only if the 
determinant of the coefficients is zero. ‘Thus we must have 


|Aixumkaky — podim| == 1); Ca) 


This is a cubic equation in w?. It has three roots, which are in peneval 
different. Each root gives the frequency as a function of the wave vector k-| 

Substituting each in turn in equation (23.2), we obtain cquations paving 
the components of the corresponding displacement 14, (since the equations 
are homogeneous, of course, only the ratios of the three components 1; are 
obtained, and not their absolute values, so that all the uj can be multiplied 
by an arbitrary constant). 

The velocity of propagation of the wave (the group velocity) is given by the 
derivative of the frequency with respect to the wave vector. In an tsotropie 
body, the frequency is proportional to the magnitude of k, and so the direc 
tion of the velocity U = dw/ék is the same as that of k. In crystals this 
relation does not hold, and the direction of propagation of the wave 1s there 
fore not the same as that of its wave vector. 


f In an isotropic body, equation (24.3) gives the result previously obtained: one root a™ 67k 
and two coincident roots ae —  ¢¢%h*, 
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It is seen from equation (23.3) that « is a homogeneous function, of degree 
one, of the components &;; if the unknown quantity is taken as the ratio w/k, 
the coefficients in the equation do not depend on k. Hence the velocity of 
propagation dw/dk is a homogeneous function, of degree zero, of kj. ‘Thus 
the velocity of a wave is a function of its direction, but not of its frequency. 

Since there are three possible relations between w and k for any direction 
in the crystal, there are in general three different velocities of propagation 
of elastic waves. ‘These velocities are the same only in a few exceptional 
directions. 

In an isotropic medium, purely longitudinal and purely transverse waves 
correspond to two different velocities of propagation. In a crystal, on the 
other hand, to each velocity of propagation there corresponds a wave in which 
the displacement vector has components both parallel and perpendicular 
to the direction of propagation. 

Finally, we may notice the following. For any given wave vector k in a 
crystal there can be three waves, with different frequencies and velocities of 
Propagation. It is easy to see that the displacement vectors u in these three 
waves are mutually perpendicular. For, when k is given, equation (23.3) may 
be regarded as determining the principal values pw* of a tensor of rank two, 
Niximkxki, which is symmetrical with respect to the suffixes 7, m.t+ Equations 
(23.2) then give the principal axes of this tensor, which we know are mutually 
perpendicular. 


PROBLEM 


Determine the frequency as a function of the wave vector for elastic waves propagated in a 
crystal of the hexagonal system. 


SOLUTION. The non-zero components of the tensor Axim in the co-ordinates x, y, z are 
related to those in the co-ordinates ¢, n, 2 (see §10) by 
Arran = Ayyyy = a+b, Acayy = a-—b, Azyzy = 5B, 


Azazz = Ayyez = ¢, Anexz = Ayzyz ad d, Azzzz = : 


where we have put 
Neney = 4a, Xeeng = 88, Xenee = 2c, ezne = 2d. 


The z-axis is along the sixth-order axis of symmetry; the directions of the x and y axes are 
arbitrary. We take the xz-plane such that it contains the wave vector k. Then kz = ksin@, 
ky = 0, kz = k cos 9, where 9 is the angle between k and the z-axis. Forming the equation 
(23.3) and solving it, we obtain three different dependences of w on k: 


oy = k°(b sin? + d cos6)/p, 
pe 
2,32 = 5,14 + 6) sin?6+ f cos?6+ d+ »/([(a+b—d) sin?6+(d—f) cos?@ ]2 -4- 
p 


+4(c+ d)? sin? cos?6)}. 


Tt By the symmetry of the tensor Aikim, we have Arninferds Anémikihe — Amuckyle. The latter 
expression differs from Ajmriikyhy only by the taming: of the suflixes AO ane J, so that the tensor 
Askimkueky has the symmetry stated, 
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§24. Surface waves 
A particular kind of elastic waves are those propagated near the surface 
of a body without penetrating into it (Rayleigh waves). We write the equation 
of motion in the form (22.11) and (22.12): 
ee 24 
—-c = at. 
FR Au = 9, ('.1) 
where u is any component of the vectors uw, uw, and ¢ is the correspondiny, 
velocity c; or c;, and seek solutions corresponding to these surface waves. 
The surface of the elastic medium is supposed plane and of infinite extent. 
We take this plane as the xy-plane; let the medium be in = < 0. 
Let us consider a plane monochromatic surface wave propagated along: the 
x-axis. Accordingly u = et#z-«bf(z), Substituting this expression in (24.1), we 
obtain for the function f(z) the equation 


Boe y 


dz? c 


If k?— w/c? < 0, this equation gives a periodic function f, t.c. we obtain 
an ordinary plane wave which is not damped inside the body. We must 
therefore suppose that k2—w?/c? > 0. Then the solutions for / are 


j(#) = constant x exp( + g & — “| s}. 


The solution with the minus sign would correspond to an unlimited increase 
in the deformation for z > —o. This solution is clearly impossible, and 
so the plus sign must be taken. 

Thus we have the following solution of the equations of motion: 


u = constant x etk2— Wexz, (4?) 
where 
K = 4/(k?— w2/c?), (2-43) 


It corresponds to a wave which is exponentially damped towards the interior 
of the medium, i.e. is propagated only near the surface. ‘The quantity « 
determines the rapidity of the damping. 

The true displacement vector u in the wave is the sum of the vectors uy and 
u;, the components of each of which satisfy the equation (24.1) with «© 4, 
for u, and c; for u;. For volume waves in an infinite medium, the two parts 
are independently propagated waves. For surface waves, however, this 
division into two independent parts is not possible, on account of the boundary 
conditions. ‘The displacement vector u must be a definite linear combination 
of the vectors u; and u,. Tt should also be mentioned that these latter vectors 
have no longer the siraple significance of the displacement) components 
parallel and perpendicular to the direction of propagation. 
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To determine the linear combination of the vectors uy and u; which gives 
the true displacement u, we must use the conditions at the boundary of the 
body. These give a relation between the wave vector k and the frequency w, 
and therefore the velocity of Propagation of the wave. At the free surface 
we must have ojx4n~ = 0. Since the normal vector n is parallel to the 2-axis, 
it follows that oz, = yz = Ozz = 0, whence 


Ugz = 0, Uyz = 0, o(Uz,+ Uyy) + (1—o)uzz = 0. (24.4) 


Since all quantities are independent of the co-ordinate y, the second of 
these conditions gives 


1 /Guy Ou; 
Dee (+) nije 0) 
dz dy 

Using (24.2), we therefore have 

uy = 0. (24.5) 


Thus the displacement vector u in a surface wave is in a plane through the 
direction of propagation perpendicular to the surface. 

The transverse part u; of the wave must satisfy the condition (22.8) 
div u; = 0, or 


Ox Oz 


The dependence of uz and uiz ON x and z is determined by the factor 
eltrtke, where «z is given by the expression (24.3) with c = ¢, ie. 


K = 4/(k?— w?/c,2). 
Hence the above condition leads to the equation 
thu, + Kitty = 0, or Utz [Uizg = — Kyfik. 
Thus we can write 
tig = Kpaetkr+ Ky2—Wwt, Ui = — thaetha+ k2~twt, (24.6) 


where a is some constant. 
The longitudinal part u; satisfies the condition (22.9) curl u; = 0, or 


whence 
tRujz— Kitz = 0 (xz = V/ [k2 — w2/c/2]). 
Thus we must have 
Uz = kbetkx+«2-tot, jz = —tKpbetkx+«z—-tot, (24.7) 


where b is a constant. 
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We now use the first and third conditions (24.4). Expressing uj, in terms 
of the derivatives of u;, and using the velocities cz, cz, we can write these 
conditions as 


dus, Me _ 9 
Oz =Ox 
(24.8) 
Ouz Cuz 
c2— + (ce? — 2c?) — = 0. 
oz Ox 
Here we must substitute uz = ujz+uiz, Uz = Uizt+Uzz. The result is that 
the first condition (24.8) gives 
a(k? + «;2)+ 2bkx, = 0. (24.9) 
The second condition leads to the equation 
2ac2KR+ bl ey? «72 = k?) + 2¢;°k? | = .(), 
Dividing this equation by ¢,? and substituting 
Ke—R2 = —@2{o2 = —(R—K2)c2/c?, 
we can write it as 
2ark + b(k?2 + x?) = 0. (24.10) 


The condition for the two homogeneous equations (24.9) and (24.10) 
to be compatible is (k2+ x;2)? = 4k2x:x, or, squaring and substituting 
the values of x;2 and x;?, 


@2 4 w2 we 
(2 = 7 = 168i = ~) G aie ) C411) 
c2 cy? ce 


From this equation we obtain the relation between wand k. [tin convement 
to put 


wo = Gké; (24.12) 
k8 then cancels from both sides of the equation, and, expanding, we obtain 
for € the equation 

Ce ce 
g—8e44-862(3-25.) - 16(1 2 =) 6) (24.13) 
ce? ce 


Hence we see that € depends only on the ratio ¢;/c,, which is a constant 
characteristic of any given substance and in turn depends only on Potsson’s 
ratio: 


Gla = V{(— 20)/2¢1 -- o)}. 
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The quantity € must, of course, be real and positive, and € < 1 (so that 
x¢ and x; are real). Equation (24.13) has only one root satisfying these con- 
ditions, and so a single value of € is obtained for any given value of C:/C1. 

‘Thus, for both surface waves and volume waves, the frequency is pro- 
portional to the wave number. The proportionality coefficient is the velocity 
of propagation of the wave, 


U = af. (24.14) 


This gives the velocity of propagation of surface waves in terms of the 
velocities c; and c; of the transverse and longitudinal volume waves. The 
ratio of the amplitudes of the transverse and longitudinal parts of the wave 
is given in terms of & by the formula 

a 2— & 


bo 2y(1-@) 
The ratio c;/c; actually varies from 1/\/2 to 0 for various substances, 


corresponding to the variation of o from 0 to 4; € then varies from 0-874 to 
0-955. Fig. 21 shows a graph of € as a function of o. 


(24.15) 


7-00 
0-95 
gs 
0-90 
oe 1/4 7/2 
a 
Fic. 21 
PROBLEM 


A plane-parallel slab of thickness 4 (medium 1) lies on an elastic half-space (medium 2). 
Determine the frequency as a function of the wave number for transverse waves in the slab 
whose direction of oscillation is parallel to its boundaries. 


SoLuTIon. We take the plane separating the slab from the half-space as the xy-plane, 
the half-space being in z < 0 and the slab in 0 < z < A, In the slab we have 


Ug] = Uz = 0, Uy) = S(ajeter-eb, 
and in medium 2 a damped wave: 
Ugg = Uz2 = 0, Uy = Aetszetkz—vt), kn = a/(k2 — w?/ci2?). 


For the function f(z) we have the equation 


f'+eref=0, = Vla®qt—R) 
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(we shall see below that «,? >> 0), whence f(z) Bsin «2 | C cos «2. At the free surface 
of the slab (z = h) we must have ozy == 0, Le. Ouy,/Oz = 0. At the boundary between the 
two media (z = 0) the conditions are uy, = Uy:, fy Ouy,/OZ == pyPuy,fOz, py and py being the 
moduli of rigidity for the two media. From these conditions we find three equations fot 
A, B, C, and the compatibility condition is tan mh = peke/pyKy This equation gives 
as an implicit function of k; it has solutions only for real x, and «,, and so cz °- wih + eit. 
Hence we see that such waves can be propagated only if ce > ce. 


§25. Vibration of rods and plates 


Waves propagated in thin rods and plates are fundamentally different 
from those propagated in a medium infinite in all directions. Jlere we are 
speaking of waves of length large compared with the thickness of the rod or 
plate. If the wavelength is small compared with this thickness, the rod or 
plate is effectively infinite in all directions as regards the propagation of the 
wave, and we return to the results obtained for infinite media. 

Waves in which the oscillations are parallel to the axis of the rod or the 
plane of the plate must be distinguished from those in which they are per- 
pendicular to it. We shall begin by studying longitudinal waves in rods. 

A longitudinal deformation of the rod (uniform over any cross-section), with 
no external force on the sides of the rod, is a simple extension or compression, 
Thus longitudinal waves in a rod are simple extensions or compressions 
propagated along its length. In a simple extension, however, only the com 
ponent oz; of the stress tensor (the z-axis being along the rod) is dillerent 
from zero; it is related to the strain tensor by o;2 = Fuzz, Mou,/ox 
(see §5). Substituting this in the general equation of motion piiz +. 0uz,/0X,, 
we find 


oe 2p, (25.1) 


This is the equation of longitudinal vibrations in rods. We sce that tt isan 
ordinary wave equation. The velocity of propagation of longitudinal waves 
in rods is 


V/(E|p). A) 
Comparing this with the expression (22.4) for cj, we sce that it is less than 
the velocity of propagation of longitudinal waves in an infinite medium. 
Let us now consider longitudinal waves in thin plates. ‘The equations of 
motion for such vibrations can be written down at once by substituting 
— phd®uz]dt? and — phd?u,/et? for P, and Py in the equilibrium equations 
(13.4): 


P 02uy 1 02x 1 O7uy 1 "uy 


—_ ees as2, a os mney 
E a 1-2 dx? 2140) ay? 2(1—«) dxdy 


; (25.3) 
P Ouy 1 O°uy 1 Oly ] O71 


eas 2s Se co ae oi f-- ee, Se Rtots, St age oes ~-f- ah. soos Bio Snh e : 
E oe 1—o? dy? 214) ax 2(1—«) dxdy 
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We take the case of a plane wave propagated along the w-axis, ie. a wave in 
which the deformation depends only on the co-ordinate x, and not on y. 
Then equations (25.3) are much simplified, becoming 


Some ee et - 
at2 = A%(1+o) dat 


We thus again obtain wave equations. The coefficients are different for uz 
and uy. The velocity of propagation of a wave with oscillations parallel to the 
direction of propagation (u,) is 


V{Ble(1— 02)]. (25.5) 


The velocity for a wave (uy) with oscillations perpendicular to the direction 
of propagation (but still in the plane of the plate) is equal to the velocity c; of 
transverse waves in an infinite medium. 

Thus we see that longitudinal waves in rods and plates are of the same 
nature as in an infinite medium, only the velocity being different; as before, 
it is independent of the frequency. Entirely different results are obtained for 
bending waves in rods and plates, for which the oscillations are in a direction 
perpendicular to the axis of the rod or the plane of the plate, i.e. involve 
bending. 

The equations for free oscillations of a plate can be written down at once 
from the equilibrium equation (12.5). To do so, we must replace —P by the 
acceleration ¢ multiplied by the mass ph per unit area of the plate. This 
gives 


i cant 2g oe 
"de Waa 


where A is the two-dimensional Laplacian. 
‘Let us consider a monochromatic elastic wave, and accordingly seek a 
solution of equation (25.6) in the form 


¢ = constant x ef(k-r— ot), (25.7) 


where the wave vector k has, of course, only two components, kz and k,. 
Substituting in (25.6), we obtain the cquation 


— po + Eh®k4/12(1— 02) = 0. 


Hfence we have the following relation between the frequency and the wave 
number: 


co RE/{EIE/V2p(1— 0}. (25.8) 


Thus the frequency is proportional to the square of the wave number, whereas 
in Waves in an infinite medium it as proportional to the wave number itself, 
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Knowing the relation between the frequency and the wave number, we can 
determine the velocity of propagation of the wave from the formula 


U = dw/ok. 


The derivatives of k? with respect to the components kz, ky are respectively 
2kz, 2ky. The velocity of propagation of the wave is therefore 


U = ky{El2/3p(1 — 0)}. (25.9) 


It is proportional to the wave vector, and not a constant as it is for waves in 
a medium infinite in three dimensions.t 

Similar results are obtained for bending waves in thin rods. "Vhe bending: 
deflections of the rod are supposed small. The equations of motion are 
obtained by replacing —K, and — Ky in the equations of equilibrium fora 
slightly bent rod (20.4) by the product of the acceleration VY or Voand the 
mass pS per unit length of the rod (S being its cross-sectional area). "Thais 


pSX = K1,04+X/dz4, ps Y =: 1 ah V jas". (2% 10) 
We again seek solutions of these equations in the form 
X = constant x el(kz— ot), Y = constant x elke «, 


Substituting in (25.10), we obtain the following relations between the fre 
quency and the wave number: 


w = R2/(Ely|pS), wo = k24/(EI,/pS), (25.11) 


for vibrations in the x and y directions respectively. ‘I'he corresponding 
velocities of propagation are 


U®) = 2ka/(EIy|pS), UW = 2ky/(EI,/pS). (25.12) 


Finally, there is a particular case of vibration of rods called forstonal 
vibration. ‘The corresponding equations of motion are derived by equating 
Cd7/dz (see §18) to the time derivative of the angular momentum of the rod 
per unit length. This angular momentum is pldd/ét, where odp/odt is the 
angular velocity (¢ being the angle of rotation of the cross-section considered) 
and I = {(x*+¥4?) df is the moment of inertia of the cross-section about ite 
centre of mass; for pure torsional vibration each cross-section of the tod 
performs rotary vibrations about its centre of mass, which remains at rest. 
Putting + = 0¢/0z, we obtain the equation of motion in the form 


Ca%h/ax2 = plardfat?. (25.13) 


f The wave number hk. - 2a/A, where A is the wavelength. Hence the velocity of propagation 
should increase without limit as A tends to zero. ‘This physically impossible result in obtained becnune 
formula (25.9) is not valul for short waves. 
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Hence we see that the velocity of propagation of torsional oscillations along 
the rod is 


4/(C]pl). (25.14) 


PROBLEMS 


PROBLEM 1. Determine the characteristic frequencies of longitudinal vibrations of a rod 
of length J, with one end fixed and the other free. 


SOLUTION. At the fixed end (z = 0) we must have u, == 0, and at the free end (z = J) 
Orz = Ezz = 0, ice. Ou,/0z = 0. We seek a solution of equation (25.1) in the form 


uz = A cos(wt+«) sinkg, 


where k = w/(p/E). From the condition at z = 1 we have cos Bl = 0, whence the charac- 
teristic frequencies are 


wo = V(Elp)(2n+1)n/2L, 


n being any integer. 
PROBLEM 2, The same as Problem 1, but for a rod with both ends free or both fixed. 


So.ution. In either case w = »/(E/p) na/l. 


PROBLEM 3. Determine the characteristic frequencies of vibration of a string of length J. 
SOLUTION. The equation of motion of the string is 


aX pS 2X 


ds2 T at , 


ef. the equilibrium equation (20.17). The boundary conditions are that X = 0 for x = 0 
and J. The characteristic frequencies are w = »/(pS/T)nz/l. 


ProBLEM 4, Determine the characteristic transverse vibrations of a rod (of length /) with 
clamped ends. 


SOLUTION. Equation (25.10), on substituting X = X(z) cos(wi+«), becomes 
d4X/dzt = 4X5, 
where xt = w*pS/EIy. The general integral of this equation is 
Xo = Acosxz+Bsinx«z+C coshxz+D sinh xz. 


The constants A, B, C and D are determined from the boundary conditions that X = dX/dz 
= 0 for z = Oandl. The result is 


Xo = A((sin «l—sinh «l)(cos xz —cosh xz) — 
—(cos «/— cosh «/)(sin xz—sinh xz)}, 


and the equation cos«l cosh«l = 1, the roots of which give the characteristic frequencics 
The smallest characteristic frequency is 


Onin = 


22-4 fee 
[2 ps ; 


PROBLEM 5. The same as Problem 4, but for a rod with supported ends. 
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SoLuTIon. In the same way as in Problem 4, we obtain X) = A sin «z, and tho frequencies 
are given by sink! = 0, ie. « = n7/l(n = 1, 2, ...). The smallest frequency is 
9:87 | Ely 

22 pS 


Onin = 


ProBLEM 6. The same as Problem 4, but for a rod with one end clamped and the other 
free. 


SoLutIon. We have for the displacement 
Xo = A{(cos xl+ cosh xl)(cos «z— cosh xz) 
+ (sin «/—sinh «l)(sin «z—sinh xz)} 


(the clamped end being at z = 0 and the free end at z = 1), and for the characteristic {re 
quencies the equation cos«/ coshxl+1 = 0. The smallest frequency is 


3-52 Ely 
Onin = 2 hes * 


ProBLEM 7. Determine the characteristic vibrations of a rectangular plate of sides a and b, 
with its edges supported. 


SOLUTION. Equation (25.6), on substituting [= {,(x, y) cos(wt-+a), becomes 


A®ly— «ilo = 0, 


where «x* = 12p(1—o*)w?/Eh?. We take the co-ordinate axes along the sides of the plate. 
The boundary conditions (12.11) become ¢ = 07f/dx? = 0 for x = 0 and a, 


C= eC/ay? = 0 
for y = 0 and b. The solution which satisfies these conditions is 
fo = A sin(mrx/a) sin(ny/b), 


where m and n are integers. The frequencies are given by 


E m= 2 
oe b ae |. 
12p(1—o7) La? Bb 


PROBLEM 8. Determine the characteristic frequencies for the vibration of a rec tunjprulat 
membrane of sides a and b. 


SoLuTION. The equation for the vibration of a membrane is TAC == ph; ct. the ecgaih 
brium equation (14.9). The edges of the membrane must be fixed, so that ( 0. ‘Vhe 
corresponding solution for a rectangular membrane is 


£ = A sin(mmx/a) sin(uy/b) cos wt, 
where the characteristic frequencies are given by 


: Ta (m2 n* 
Ca 4: 5 
. 7 


ph a* _ 


mand n being integers. 
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PROBLEM 9. Determine the velocity of propagation of torsional vibrations in a rod whose 
cross-section is a circle, an ellipse, or an equilateral triangle, and in a rod in the form of a 
long thin rectangular plate. 


SOLUTION. For a circular cross-section of radius R, the moment of inertia is J = 4ak*; 
C is given in §16, Problem 1, and we find the velocity te be +/(u/p), which is the same as the 
velocity c¢. 

Similarly (using the results of §16, Problems 2 to 4), we find for a rod of elliptical cross- 
section the velocity [2ab/(a?+5?)] \/(/p), for one with an equilateral triangular cross-section 
V (32/5 p), and for one which is a long rectangular plate (2h/d)4/(/p). All these are less than ce. 


PROBLEM 10. ‘The surface of an incompressible fluid of infinite depth is covered by a thin 
elastic plate. Determine the relation between the wave number and the frequency for waves 
which are simultaneously propagated in the plate and near the surface of the fluid. 


SOLUTION. We take the plane of the plate as z = 0, and the x-axis in the direction of 
propagation of the wave; let the fluid be in z < 0. The equation of motion of the plate alone 
would be 


a2¢ Eh ag 
a2 =: 12(1— 02) ax’ 
where po is the volume density of the plate. When the fluid is present, the right-hand side 


of this equation must also include the force exerted by the fluid on unit area of the plate, 
i.e. the pressure p of the fluid. The pressure in the wave, however, can be expressed in 


terms of the velocity potential by p = —pd¢/ét (we neglect gravity). Hence we obtain 
are ER al or ad 
phe = — (pel (1) 
or 12(1 — 0?) dx4 Otlz=0 


Next, the normal component of the fluid velocity at the surface must be equal to that of the 
plate, whence 


ac/at = [ad/dz]z~0. (2) 
The potential ¢ must satisfy everywhere in the fluid the equation 
a2h a2 
tee = (0. 
ax? az 


We seek ¢€ in the form of a travelling wave ¢ = Cyei*2-iwt; accordingly, we take as the 
solution of equation (3) the surface wave ¢ = ¢oet(kz—-wt)ekz, which is damped in the interior 
of the fluid. Substituting these expressions in (1) and (2), we obtain two equations for ¢, 
and C9, and the compatibility condition is 


Ens k5 
~ 12(1—o2) p+hpok 


(3) 


2 


§26. Anharmonic vibrations 


The whole of the theory of elastic vibrations given above is approximate 
to the extent that any theory of clasticity is so which is based on Hooker's 
law. It should be recalled that the theory begins from an expansion of the 
elastic energy as a power scrics with respect to the strain tensor, which 
includes terms up to and including: the second order. ‘Che components of 
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the stress tensor are then linear functions of those of the strain tensor, and 
the equations of motion are linear. 

The most characteristic property of elastic waves in this approximation 1s 
that any wave can be obtained by simple superposition (i.e. as a linear com- 
bination) of separate monochromatic waves. Each of these is propagated 
independently, and could exist by itself without involving any othe: motion. 
We may say that the various monochromatic waves which are simultaneously 
propagated in a single medium do not interact with one another. 

These properties, however, no longer hold in subsequent approximations. 
The effects which appear in these approximations, though small, may be of 
importance as regards certain phenomena. They are usually called anharmonte 
effects, since the corresponding equations of motion are non-linear and do 
not admit simple periodic (harmonic) solutions. 

We shall consider here anharmonic effects of the third order, arising from 
terms in the elastic energy which are cubic in the strains. It would be too 
cumbersome to write out the corresponding equations of motion in their 
general form. However, the nature of the resulting effects can be ascertained 
as follows. The cubic terms in the elastic energy give quadratic terms in the 
stress tensor, and therefore in the equations of motion. Let us suppose that 
all the linear terms in these equations are on the left-hand side, and all the 
quadratic terms on the right-hand side. Solving these equations by the 
method of successive approximations, we omit the quadratic terms in the 
first approximation. This leaves the ordinary linear equations, whose solution 
up can be put in the form of a superposition of monochromatic travelling 
waves: constant xe" with definite relations between w and k. On 
going to the second approximation, we must put u = ug+ uy and retain only 
the terms in ug on the right-hand sides of the equations (the quadratic terms). 
Since ug, by definition, satisfies the homogeneous linear equations obtained 
by putting the right-hand sides equal to zero, the terms in ug on the left-hand 
sides will cancel. The result is a set of inhomogeneous linear equations for the 
components of the vector uw, where the right-hand sides contain only known 
functions of the co-ordinates and time. These functions, which are obtained 
by substituting up for u in the right-hand sides of the original equations, are 
sums of terms each of which is proportional to 


eillk;—k,) -r(o,— 081 


or 
eil(k, +k). r—(o,+ ot 


where wy, we, ki, ky are the frequencies and wave vectors of any two mono- 
chromatic waves in the first approximation. 

A particular integral of linear equations of this type is a sum of terms 
containing similar exponential factors to those in the free terms (the right- 
hand sides) of the equations, with suitably chosen coefficients. Tach such 
term corresponds to a travelling wave with frequency cy 1 cy, and wave 
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vector k; + ke. Frequencies equal to the sum or difference of the frequencies 
of the original waves are called combination frequencies. 

Thus the anharmonic effects in the third order have the result that the set 
of fundamental monochromatic waves (with frequencies w, we, ... and wave 
vectors kj, ke, ...) has superposed on it other “waves” of small intensity, 
whose frequencies are the combination frequencies such as w ,+ we, and 
whose wave vectors are such as k, + ko. We call these “‘waves”’ in quotation 
marks because they are a correction effect and cannot exist alone except in 
certain special cases (see below). The values w,+ we and ky} +ke do not in 
general satisfy the relations which hold between the frequencies and wave 
vectors for ordinary monochromatic waves. 

It is clear, however, that there may happen to be particular values of «1, ky 
and we, ke such that one of the relations for monochromatic waves in the 
medium considered also holds for w1+we and k,+ke (for definiteness, we 
shall discuss sums and not differences). Putting w3 = wy+we, kg = k, + ke, 
we can say that, mathematically, w3 and ks then correspond to waves which 
satisfy the homogeneous linear equations of motion (with zero on the right- 
hand side) in the first approximation. If the right-hand sides in the second 
approximation contain terms proportional to e“=~), then a particular 
integral will be a wave with the same frequency and an amplitude which 
increases indefinitely with time. 

Thus the superposition of two monochromatic waves with values of w, ky 
and we, ke whose sum w3, kg satisfies the above condition leads, by the 
anharmonic effects, to resonance: a new monochromatic wave (with para- 
meters ws, k3) is formed, whose amplitude increases with time and eventually 
is no longer small. It is evident that, if a wave with ws, ks is formed on super- 
position of those with w1, k; and we, ke, then the superposition of waves with 
«1, kj and w3, kg will also give a resonance with wo = w3— wi, ko = k3—ky, 
and similarly we, ke and ws, kg lead to w, kj. 

In particular, for an isotropic body w and k are related by w = ck or 
w = cyk, with cj > cz. It is easy to see in which cases either of these relations 
can hold for each of the three combinations 


w1, ki; we, ke; w3 = wit+ms, kg = ky +ko. 


If k; and ke are not in the same direction, kg < ki +e, and so it is clear that 
resonance can then occur only in the following two cases: (1) the waves with 
w1, ky and we, ke are transverse and that with ws, ks longitudinal; (2) one of 
the waves with w1, k; and we, ke is transverse and the other longitudinal, and 
that with wg, kg is longitudinal. If the vectors k, and ke are in the 3ame 
direction, however, resonance is possible when all three waves are longi- 
tudinal or all three are transverse. 

The anharmonic effect involving resonance occurs not only when several 
monochromatic waves are superposed, but also when there ts only one wave, 
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with parameters «1, ky. In this case the right-hand sides of the equations of 
Motion contain terms Proportional to ¢&-r-w) If w, and k, satisfy the 
usual condition, however, then 2w1 and 2k, do so too, since this condition is 


appearance, besides the monochromatic waves with wy, k, previously ob- 
tained, of waves with 2a, 2kj, i.e. with twice the frequency and twice the 
wave vector, and amplitude increasing with time. 

Finally, we may briefly discuss how we can set up the equations of motion, 
allowing for the anharmonic terms. The strain tensor must now be piven 
by the complete expression (1:3): 


power, we find the energy & as a function of the derivatives Ou;/Oxy to the 
required accuracy. 


In order to obtain the equations of motion, we notice the following result. 
The variation 8 may be written 


0€ Ou; 


OO a 5—, 
O(0t5/Ox;,) Ox, 


or, putting 


a (20.2) 
= ae , 
oa O(eu; / Oxx) 
Osu Q 00; 
o¢ = OiZ : => (0184) ~ Su; sa 
Ox; Ox, Xk 


The coefficients of — du; are the components of the force per unit volume of 
the body. They formally appear the Same as before, and so the equations of 
motion can again be written 


poli = 00%;,/ Oxy, (26.3) 
ee 


t We here use the internal energy &, and not the free energy F, since adiabatic Vibrations are 
involved. 
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where po is the density of the undeformed body, and the components of the 
tensor o4j, are now given by (26.2), with & correct to the required accuracy. 
The tensor oj is no longer symmetrical.+ 


PROBLEM 


Write down the general expression for the elastic energy of an isotropic body in the third 
approximation. 


SOLUTION. From the components of a symmetrical tensor of rank two we can form two 
quadratic scalars (uiz° and u;") and three cubic scalars (wi®, unuie® and 141K). Hence the 
most general scalar containing terms quadratic and cubic in wx, with scalar coefficients 
(since the body is isotropic), is 


C= py? + (3K —ty)uy? + tAuguguy + Buyeuy+ 4Cup3; 


the coefficients of ujx* and u;;7 have been expressed in terms of the moduli of compression 
and rigidity, and A, B, C are three new constants. Substituting the expression (26.1) for 
“ix and retaining terms up to and including the third order, we find the elastic energy to be 


Ou; Our 2 Ouy 2 
6 = n+) +0K-49(=) + 
Oxx Ox; Oxy 
Ou; Ouy Ou Out Ou; 2 
+t Ea +B HK- Ww —(—) 
Ox~ Oxy OxK Oxy \ Oxx 
; Ou, CUE Ouy Ou; Ouy Ou; (= ) 
me OXE Ox} Ox; OxXk Ox; Oxy 7 Ox} ° 


t It should be emphasised that o,% is no longer the momentum flux density (the stress tensor). 
In the ordinary theory this interpretation was derived by integrating the body force density 
doix/Ox~ over the volume of the body. This derivation depended on the fact that, in performing the 
integration, we made no distinction between the co-ordinates of points in the body before and after 
the deformation. In subsequent approximations, however, this distinction must be made, and the 
surface bounding the region of integration is not the same as the actual surface of the region considered 
after the deformation. 

It has been shown in §2 that the symmetry of the tensor oj, is due to the conservation of angular 
momentum. This result no longer holds, since the angular momentum density is not xuy — xptty 
but («+ 4,)ux —(xe-+ux)u;. 


CHAPTER IV 


DISLOCATIONS+ 


§27. Elastic deformations in the presence of a dislocation 


Exasric deformations in a crystal may arise not only by the action of external 
forces on it but also because of internal structural defects present in the crystal. 
The principal type of defect that influences the mechanical properties of ery 
stals is called a dislocation. The study of the properties of dislocations on the 
atomic or microscopic scale is not, of course, within the scope of this book; we 
shall here consider only purely macroscopic aspects of the phenomenon as it 
affects elasticity theory. For a better understanding of the physical siznificance 
of the relations obtained, however, we shall first give two simple examples to 
show what is the nature of dislocation defects as regards the structure of the 
crystal lattice. 

Let us imagine that an “‘extra’’ half-plane is put into a crystal lattice of 
which a cross-section is shown in Fig. 22; in this diagram, the added half-plane 
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is the upper half of the yz-plane. The edge of this half-plane (the s-axis, at 
right angles to the plane of the diagram) is then called an edge dislocation. In 
the immediate neighbourhood of the dislocation the crystal lattice is preatly 
distorted, but even at a distance of a few lattice periods the crystal planes {it 
together in an almost regular manner. The deformation nevertheless exists 
even far from the dislocation. It is clearly scen on going round a closed circuit 
of lattice points in the xy-planc, with the origin within the circuit: if the 


t This chapter was written jointly with A. M. Kosnvici, 
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displacement of each point from its position inthe ideal latticeisdenoted by the 
vector u, the total increment of this vector around the circuit will not be zero, 
but equals one lattice period in the x-direction. 

Another type of dislocation may be visualised as the result of “cutting”’ the 
lattice along a half-plane and then shifting the parts of the lattice on either 
side of the cut in opposite directions to a distance of one lattice period parallel 
to the edge of the cut (then called a screw dislocation). Such a dislocation 
converts the lattice planes into a helicoidal surface, like a spiral staircase 
without the steps. In a complete circuit round the dislocation line (the axis of 
the helicoidal surface) the lattice point displacement vector increment is one 
lattice period along that axis. Figure 23 shows a diagram of such a cut. 


Fic. 23 


Macroscopically, a dislocation deformation of a crystal regarded as a 
continuous medium has the following general property; after a passage round 
any closed contour L which encloses the dislocation line D, the elastic 
displacement vector u receives a certain finite increment b which is equal to 
one of the lattice vectors in magnitude and direction; the constant vector b is 
called the Burgers vector of the dislocation concerned. ‘This property may be 
expressed as 


Ou; 
au = $day = —b;, (27.1) 
L Ox; 


where the direction in which the contour is traversed and the chosen direction 
of the tangent vector t to the dislocation line are assumed to be related by the 
corkscrew rule} (Fig. 24). The dislocation line itself is a line of singularities of 
the deformation field. 

It is evident that the Burgers vector b is necessarily constant along the dis- 
location line, and also that this line cannot simply terminate within the crystal: 
it must either reach the surface of the crystal at both ends or (as usually hap- 
pens in actual cases) form a closed loop. 


+ The simple cases of edge and screw dislocations mentioned above correspond to straight lines D 
with « _| band «|| b. We may also note that in the representation given by [Fip. 22 edge dislocationa 
with opposite directions of b differ in that the “extra’ crystal half plane fies above or below the x2x- 
plane; such dislocations are said to have opposite sirnas. 
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The condition (27.1) signifies, therefore, that in the presence of a dislocation 
the displacement vector is not a singlc-valucd function of the co-ordinates, 
but receives a certain increment in a passage round the dislocation linc. 


L 
Fic. 24 


Physically, of course, there is no ambiguity: the increment b denotes an addt- 
tional displacement of the lattice points equal to a lattice vector, and this docs 
not affect the lattice itself. 


In the subsequent discussion it is convenient to use the notation 
Wiz = Cup] Oxi, (27.2) 


so that the condition (27.1) becomes 


wi dx; = — Dr. (27.3) 
L 


The (unsymmetrical) tensor w;; is called the distortion tensor. Its symmetrical 
part gives the ordinary strain tensor: 


Un = 4(wWik + Wri). (27.4) 


According to the foregoing discussion the tensors wiz and wjz, and therefore 
the stress tensor ojz, are single-valued functions of the co-ordinates, unlike 
the function u(r). 

The condition (27.3) may also be written in a differential form. ‘lo do so, 
we transform the integral round the contour L into onc over a surface Sz, 
spanning this contour:+ 


ow k 

bmn dxm = ear df. 
Ox] 

L Sr 


The constant vector bg is written as an integral over the same surface by 


+ The transformation is made, according to SroKes’ theorem, by replacing dam by the operator 
dfieum d/@xt, where eum is the antisymmetric unit tensor, 
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means of the two-dimensional delta function: 


pe | ribpd(E)Afi (27.5) 


Si 


where & is the two-dimensional radius vector taken from the axis of the dis- 
location in the plane perpendicular to the vector + at the point considered. 
Since the contour L is arbitrary, the integrals can be equal only if the inte- 
grands are equal: 


Crim OWmx| Oxy = ~ Tibx8(8). (27.6) 


This is the required differential form.t 

‘The displacement field u(r) around the dislocation can be expressed in a 
general form if we know the Green’s tensor Gix(r) of the equations of equilib- 
rium of the anisotropic medium considered, i.e. the function which determines 
the displacement component u; produced in an infinite medium by a unit 
force applied at the origin along the xz-axis (see §8). This can easily be done 
by using the following formal device. 

Instead of seeking many-valued solutions of the equations of equilibrium, 
we shall regard u(r) as a single-valued function, which undergoes a fixed 
discontinuity b on some arbitrarily chosen surface Sp spanning the dislocation 
loop D. Then the strain tensor formally defined by (27.4) will have a delta- 
function singularity on the “surface of discontinuity”: 


ui) = 3(ngbg + nybi)5(£), (27.7) 


where ¢ is a co-ordinate measured from the surface Sp along the normal n 
(which is in the direction relative to ¢ shown in Fig. 24). 

Since there is no actual physical singularity in the space around the dis- 
location, the stress tensor oj, must, as already mentioned, be a single-valued 
and everywhere continuous function. The strain tensor (27.7), however, is 
formally related to a stress tensor siz) = Axim Um, which also has a 
singularity on the surface Sp. In order to eliminate this we must define ficti- 
tious body forces distributed over the surface Sp withacertain density f(S). The 
equations of equilibrium in the presence of body forces are do;x/éxy+ Fi) =0 
(cf. (2.7)). Hence it is clear that we must put 


doz) Ottyn 8) 


= ~ Akin 
OxE OxK 


fi = — (27.8) 


Thus the problem of finding the many-valued function u(r) is equivalent to 
that of finding a single-valued but discontinuous function in the presence of 


Tt To avoid misunderstanding it should be noted that on the dislocation line itself (¢ - > 0), which is 
a line of singularities, the representation of the wu as the derivatives (27.2) ia no longer meuningful. 
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body forces given by formulae (27.7) and (27.8). We can now use the formula 
uj(r) = [Guero V’, 


We substitute (27.8) and integrate by parts; the integration with the delta 
function is then trivial, giving 


0 
u(r) — Asim | ne=—Gisl — r’)d/f’. (212) 
Oxx 


D 


This solves the problem.+ 

The deformation (27.9) has its simplest form far from the closed dislocation 
loop. If we imagine the loop to be situated near the origin, then at distances r 
large compared with the linear dimensions of the loop we have 


uj(r) = —AjximdimOGi;(r)| Oxr, (2.7.10) 
where 
dix = Siby, Si = | nidf = dem sud, (27.11) 
Sp D 


and e;jx; is the antisymmetric unit tensor. The axial vector S has components 
equal to the areas bounded by the projections of the loop D on planes perpen 

dicular to the corresponding co-ordinate axes; the tensor dig may be called the 
dislocation moment tensor. 'The components of the tensor Gy are first order 
homogeneous functions of the co-ordinates x, y, z (sce §8, Problem). We 
therefore see from (27.10) that uj~1/r?, and the corresponding, stress field 
Oik~ 1/73, 

It is also easy to ascertain the way in which the clastic stresses vary with 
distance near a straight dislocation. In cylindrical polar co-ordinates =, +, 
(with the z-axis along the dislocation line) the deformation will depend onty 
on r and ¢. The integral (27.3) must, in particular, be unchanged by an 
arbitrary change in the size of any contour in the xy-plane which leaves the 
shape of the contour the same. It is clear that this can be true only tf all the 
wiz ~ 1/r. The tensor u;z, and therefore the stresses oj, will be proportional 
to the same power, 1/r. 


{+ The tensor Gi; for an anisotropic medium has been derived in the paper by 1. Mo Lansuiaits and 
L. N. Rozentsveic quoted in §8, Problem. This tensor is in general very complicated. Por a atensplat 
dislocation, which corresponds to a two-dimensional problem of elasticity theory, it imy be naples to 
solve the equations of equilibrium directly. 

¢ Attention is drawn to a certain analogy between the clastic deformation field rowod a dedocation 
line and the magnetic field of constant line currents. The current is replaced by the Huryein vectos, 
which must be constant along the dislocation line, like the current. Similar analogies will alae be ceadily 
seen in the relations given below. Elowever, quite apart from the entirely diflerent nature of the two 
physical effects, these analogies are not far-reaching, because the tensor character of the cotresponiding 
quantities is different. 
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Although we have hitherto spoken only of dislocations, the formulae de- 
rived are applicable also to deformations caused by other kinds of defect in 
the crystal structure. Dislocations are linear defects; there exist also defects in 
which the regular structure is interrupted through a region near a given 
surface.+ Such a defect can be macroscopically described as a surface of dis- 
continuity on which the displacement vector u is discontinuous but the stresses 
ox are continuous, by virtue of the equilibrium conditions. If the discontinuity 
b is the same everywhere on the surface, the resulting strain is just the same as 
that due to a dislocation along the edge of the surface. The only difference is 
that the vector b is not equal to a lattice vector. However, the position of the 
surface Sp discussed above is no longer arbitrary; it must coincide with the 
actual physical discontinuity. Such a surface of discontinuity involves a certain 
additional energy which may be described by means of an appropriate surface- 
tension coefficient. 


PROBLEMS 


ProsLeM 1. Derive the differential equations of equilibrium for a dislocation deformation 
in an isotropic medium, expressed in terms of the displacement vector.{ 


SoLuTion. In terms of the stress tensor or strain tensor the equations of equilibrium have the 
usual form doi%/@xz, = 0 or, substituting oi% from (5.11), 


Our (ez Ouy 
aa) (1) 
Oxk 1-26 Ox; 


To convert to the vector u we must use the differential condition (27.6). Multiplying (27.6) 
by eikn and summing over i and k, we obtain§ 


OWnk OWKK 


_ = —(tXb)n5(S). (2) 
OxK Cxn 
Writing (1) in the form 
Cwix 1 OwWp; CG Ow), 7 
* axy  ” Oxy | 1—2o ax; 


and substituting (2), we find 


—__—--_-=(t i : 
Ox, 1—20 Ox; eH 


Now changing to u in accordance with (27.2), we find the required equation for the multi- 
valued function u(r): 


1 
grad div u = txb8(&). (3) 
2a 


+ 
Auts 


} A well-known example of a defect of this type is a narrow twinned layer in a crystal. 

} The physical meaning of this and other problems relating to an isotropic medium is purely 
conventional, since actual dislocations by their nature occur only in crystals, ie. in anisotropic media. 
Such problems have illustrative value, however. 

§ Using also the formula eumeten = 6u8mn— bin dme. 
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ProsLem 2. Determine the deformation near a straight screw dislocation tn an isotropre 
medium. 


SoOLuTION. We take cylindrical polar co-ordinates z, r, 6, with the z-axis along the dislocn 
tion line; the Burgers vector is bz = by = 0, 62 = b. It is evident from synunetry that the 
displacement u is parallel to the z-axis and is independent of the co-ordinate 2. "he equation 
of equilibrium (3), Problem 1, reduces to Auz = 0. The solution which satisfies the condition 
(27.1) is} uz = 66/27. The only non-zero components of the tensors wig and vin, are Usp 
b/4rr, oz6 = pb/2rr, and the deformation is therefore a pure shear. 

The free energy of the dislocation (per unit length) is given by the integral 


F = el 


pb? pdr 
4n J or’ 


which diverges logarithmically at both limits. As the lower limit we must take the order of 
magnitude of the interatomic distances (~0), at which the deformation ts large and the mis re 

scopic theory is inapplicable. The upper limit is determined by a dimenston of the order ot the 
length L of the dislocation. Then F = (pb?/47) log (L/6). The energy of the detatmiatiore an the 
“‘core’’ of the dislocation near its axis (in a region of cross-sectional area ~ 6?) can be entunate d 
as ~ ub. When log (L/b) > 1 this energy is small in comparison with that of the elasdte 
deformation field. 


Pros_em 3. Determine the internal stre’ses in an anisotropic medium near a screw deitoci 
tion which is perpendicular to a plane of symmetry of the crystal. 


SoLuTION. We take co-ordinates x, y, 2 so that the z-axis is along the dislocation line, and 
again write bz = b. The vector u again has only the component u; == u(x, y). Simee the vy 
plane is a plane of symmetry, all the components of the tensor Aixim are zere which contam: the 
suffix z an odd number of times. Thus only two components of the tensor oi, are non-zero: 


ou ou 
Czz = Arexz— + Arzeye—> 
Ox oy 
Ou Ou 
Oyz = Ayexz— + Ayzyze—- 
Ox ey 


We define a two-dimensional vector 6 and a two-dimensional tensor Avp oa Owe, Aes 
Aazpz (« = 1,2). Then og = Aggeu/a@xg, and the equation of equilibrium becomes div a) 0. 
The required solution of this equation must satisfy the condition (27.1): ¢ gradi - dl. 

In this form, the problem is the same as that of finding the magnetic induction asd oapiietia 
field (represented by o and grad z) in an anisotropic medium of magnetic permeability Asp 
near a Straight current of strength I = cb/4z7. Using the solution derived in clectrodynanines, 
we obtain§ 


ne bape pype%y 
ag Qa a/\Al.Agt gx gX yr” 


where |A] is the determinant of the tensor Aap. 


{ In all the problems on straight dislocations we take the vector t in the negative s-direction, 

t These estimates are general ones and are valid in order of magnitude for any dislocation (aud iot 
only for a screw dislocation). 

It should be noted that in practice the values of log (L/5) are usually not very large, and the energy 
of the “core” is therefore a considerable fraction of the total enerpy of the dislocation. 

§ See Electrodynamics of Continuous Media, 829, Problem 5. 
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ProsLem 4. Determine the deformation near a straight edge dislocation in an isotropic 
medium. 


SoLuTION. Let the z-axis be along the dislocation line, and the Burgers vector be bz = b, 
by = bz = 0. It is evident from the symmetry of the problem that the displacement vector 
lies in the xy-plane and is independent of z, so that the problem is a two-dimensional one. In 
the rest of this solution all vectors and vector operations are two-dimensional in the xy-plane. 

We shall seek a solution of the equation 


Aut grad div u= —dja(r) 


1—20 


(see Problem 1; j is a unit vector along the y-axis) in the form u = ul) +w, where ul) is a 
vector with components 0, = b¢/27, u(y = (b/27) log r; these are the imaginary and real 
parts of (b/27) log (x+iy), r and ¢ being polar co-ordinates in the xy-plane. This vector 
satisfies the condition (27.1). The problem therefore reduces to finding the single-valued 
function w. Since, as is easily verified, div u() = 0, Au = bj8(r), it follows that w satisfies 
the equation 


Awt 


grad div w = — 2bj5(r). 
1—2¢ 


This is the equation of equilibrium under forces concentrated along the z-axis with volume 
density Ebj3(r)/2(1 + 0); cf. §8, Problem, equation (1). By means of the GREEN’s tensor found 
in that problem for an infinite medium, the calculation of w is reduced to that of the integral 


b T((3—40)j 
(ise i [on dz’, 
82(1—o) ‘ R R38 
R= V(r? +2"). 
The result is 
b 1 
Ug = 5, (et =} 
2a x 2(1—oc) x?+y? 
b 1-20 1 xe 


uy = ———\—-—_ lo Or a al fe oe an eS 
yD ada) 88 VOI Gey aay 
The stress tensor calculated from this has Cartesian components 
y(3x%+y?) 
C24 = —bOD————_,, 
sas (x2 + y2)2 
" y(x® —y?) 
yy (x? +y2)2 ’ 
x(x? — y2 
Sep 
(x2 + y2)2 


and polar components 
Orr = 85 = —(bD/r) sin d, 


org = (bD/r) cos dy 
where D = p/2n(1—~<¢). 
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Prosiem 5. An infinity of identical parallel straight edge dislocations in an isotropic 
medium lie in one plane perpendicular to their Burgers vectors and at equal distances Ai apart, 
Find the shear stresses due to such a ‘dislocation wall’ at distances large compared with A. 


SOLUTION. Let the dislocations be in the yz-pJane and parallel to the z-axis. According to 


the results of Problem 4, the total stress due to all the dislocations at the point (x, v) is piven by 
the sum 


= x2—(y—nh)? 
Cay(%, 9) = bDx = 
“Le [e+ (y— nh] 
This may be written in the form 


ony = —bD= Ke tae), 


where 


fee) 


1 
J(a, B) = 2 eae a= x/h, B = yh. 


Ri=-—0O 


According to PoIsson’s summation formula 


Si = > | feyetrterd, 


R=—-O k=—0 —0 


/ ¢ dé see P eanik Edé 
/ een Phe mikp | >. 
[Haye fpr te Soe) 


yi) co 
“4S e-tnkacos Ink. 


x x 
k=1 


When « = x/h> 1 only the first term need be retained in the sum over k, and the reuult 1 
bx 
Sry = Pay ge oe cos(2zry/h). 
1 


Thus the stresses decrease exponentially away from the wall. 


§28. The action of a stress field on a dislocation 


Let us consider a dislocation loop D in a field of clastic stresses 07440 
created by given external loads, and calculate the force on the loop in such a 
field. 

According to the general rules, this must be done by finding the work 5k 
done by internal stresses in an infinitesimal displacement of the loop D. 1 
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Sujx is the change in the strain tensor due to this displacement, we have from 


G.1)} 
oR= — | eutoSuaav: 


Since the distribution of the stresses oi, is assumed independent of the 
position of the dislocation, we can take the difference symbol 6 outside the 
integral. Using also the symmetry of the tensor oj, and the equation of 
equilibrium @0;,(/0x, = 0, we can write 


bR = ~8 ou!undV 


Our 
= 5 op O——dV 
Ox; 


I 


7) 
— 5 | (oin’ux)d V. (28.1 ) 
Ox; 


As explained in §27, we shall regard the displacement u as a single-valucd 
function having a discontinuity on some surface Sp spanning the line D. Then 
the volume integral in (28.1) can be transformed into an integral over a closed 
surface consisting of the upper and lower surfaces of the cut Sp, joined by a 
tubular lateral surface of infinitesimal width enclosing the line D. The valucn 
of the continuous quantities o;;(@ are the same on both surfaces, butthe valucs 
of u differ by a given amount b. We therefore obtain 


oR = —by5 [ ouldf (28.2) 
Sp 


Let each element of length dl of the dislocation be displaced by an amount 
Sr. This displacement causes a change in the area of the surface Sp, the 
elementary change being 6f = dr X di, i.e. Sfi = €imndXmdLly = CimndXmt ull, 
The work (28.2) therefore becomes a line integral round the dislocation loop: 


bR= — bueinn oni OSXmTndl, 
D 


where t is the tangent vector to D. 
The coefficient of 5x in the integrand is minus the force fm on unit lenyt ls 


+ To avoid misunderstanding we must emphasise that duc in this formulaisto betaken (inaccordaneé 
with the sense of this quantity in (3.1)) as the total (geometrical) change in the deformation following at 
infinitesimal movement of the dislocation, Tt comprises both elastic aud plastic (see §29) parte, 

t The integral over the tubular lateral surface of radius p vanishes asp © 0, since the aq become 
infinite more slowly thun 1/9. 
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of the dislocation fine. ‘Vhus 
ii = CRIT EOL OOM (28.3) 


(M. Pracu and J. S. Koruier 1950). We may note that the force fis perpen. 
dicular to the vector t, i.e. to the dislocation line, and also to the vector 
coin bx. 

The plane which is defined by the vectors t and b at cach point of the dis- 
location is called the slip plane of the corresponding element of the dislocation, 
for every element this plane of course touches the slip surface of the whole 
dislocation, which is a cylindrical surface with generators parallel to the Bur- 
gers vector b of the dislocation. The distinctive physical property of the slip 
plane is that it is the only one in which a comparatively easy mechanical des. 
placement of the dislocation is possible.t For this reason it is of interest to 
determine the force (28.3) on this plane. 

Let « be a vector normal to the dislocation line in the slip plane. ‘Vhen the 
required force component (f,, say) is f, = Kft = Cexicatebmoim™, or 

f= 101mbm, (81) 
where vy = « Xt is a vector normal to the slip plane. Since the vectors b and v 
are perpendicular, we see that the force f, is determined by only one compu 


nent opm if two of the co-ordinate axes are taken along these vectors. 
The total force acting on the whole dislocation loop is 


= Fy= eat on Sp (28.5) 
D 


This is zero except for a non-uniform stress field; when oz, = constant, 
the integral is §dx;, = 0. If the stress field varies only slightly over the loop, 
we can write 


Com 
F; = eixnibm——O Xp xx, 
OXp 


the loop being regarded as situated near the origin . This force can he expressed 
in terms of the dislocation moment d; defined by (27.11): 


Fy= Ap Oar | 0x4. (2.8.6) 


PROBLEMS 


Prosiem 1. Find the force of interaction between two parallel screw dislocations i uy 
isotropic medium. 


+ This fact follows from the microscopic form of a dislocation defect. For example, ta move the 
edge dislocation shown in lig. 22 in its slip plane (the vz-plane) comparatively sliht movements of the 
atoms are suflicient, which make crystal planes farther and farther from the ys-plane (but stall parallel co 
it) into “extra”’ planes. 

The movement of the dislocation in other directions can occur only by diffusion procennesa. lor 
example, the dislocation shown in Pap. 22 can move in the ys plane onty when atonim leave the “esti 
half-plane by diffusion. Sach a procenn enn be of practical importance only at forely high Cemiperaturen. 
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SoLuTion. The force per unit length acting on one dislocation in the stress field due to the 
other dislocation is determined from formula (28.4), using the results of §27, Problem 2. Ut is 
a radial force of magnitude f = yb1b./27r. Dislocations of like sign (bib, .- 0) repel, while 
those of unlike sign (616, <0) attract. 


ProsLeM 2. A straight screw dislocation lies parallel to the plane free surface of an iso- 
tropic medium. Find the force acting on the dislocation. 


SOLUTION. Let the yz-plane be the surface of the body, and let the dislocation be parallel to 
the z-axis with co-ordinates x = xo, y = 0. 

The stress field which leaves the surface of the medium a free surface is described by the sum 
of the fields of the dislocation and its image in the yz-plane, considered to lie in an intinite 


medium: 
sal y y | 
O38 = sae eer ge ee 
2arl(x—xo)?+y2% (x+%0)? +2 
sal x— Xo x+ x9 | 
Oyz = — a . 
2a (x _ x9)? +2 (x + xo)" +42 


Such a field exerts a force on the dislocation considered which is equal to the attraction excrted 
by its image, 1.e. the dislocation is attracted to the surface of the medium by a force 
Sf = pb?/4axo. 


ProsLEM 3. Find the force of interaction between two parallel edge dislocations in an 
isotropic medium which are in parallel slip planes. 


SOLUTION. Let the slip planes be parallel to the xz-plane and let the z-axis be parallel to the 
dislocation lines; as in §27, Problem 4, we putt, = —1, bz = 6b. Then the force on unit length 
of the dislocation in the field of elastic stresses o;% has components fz = boxy, fy = —bery. 
In the case considered, oix is determined by the expressions derived in §27, Problem 4. If one 
dislocation is along the z-axis, it exerts on the other dislocation (passing through the point 
(x,y, 0)) a force whose polar components are fr = b1b,D/r, fo = (61b2D/r) sin 24, J) 
p[27(1—o). The component of this force in the slip plane is fe = (b1b2.D/r) cos ¢ cos 24, 
which is zero when ¢ = $7 or 4x. The former position corresponds to stable equilibrium when 
bibz > 0, the latter when 515, <0. 


§29. A continuous distribution of dislocations 


If a crystal contains several dislocations at the same time which are at 
relatively short distances apart (although far apart compared with the lattice 
constant, of course), it is useful to treat them by means of an averaging process: 
we consider “‘physically infinitesimal” volume elements in the crystal with a 
large number of dislocation lines through each. 

An equation which expresseda fundamental property of dislocation deforma 
tions can be formulated by a natural generalisation of equation (27.6). We 
define a tensor pix (the dislocation density tensor) such that its integral over it 
surface spanning any contour L is equal to the sum b of the Burgers vectors 
of all the dislocation lines embraced by the contour: 


[pusr = by. (29, 1) 


Sh 


The continuous functions py describe the distribution of dislocations in the 
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crystal. ‘his tensor now replaces the expression on the right of equation 


(27.6): 
CilmOWmk/ OX, = — pik. GID) 
This equation shows that the tensor p;, must satisfy the condition’ 
Epix] Ox, = 0; (29.3) 


for a single dislocation, this condition simply states that the Burgers vector is 
constant along the dislocation line. 

When the dislocations are treated in this way, the tensor zz becomes a 
primary quantity describing the deformation and determining the strain ten 
sor through (27.4). A displacement vector u related to wy by the definition 
(27.2) cannot exist; this is clear from the fact that with such a definition the 
left-hand side of equation (29.2) would be identically zero throughout the 
crystal. # 

So far we have assumed the dislocations to be at rest. Let us now see how a 
set of equations may be formulated so as to allow in principle clastic deforma 
tions and stresses in a medium where dislocations are moving ina piven man 
nert (E. KRONER and G. RIEDER 1956). 

Equation (29.2) is independent of whether the dislocations are at rest or in 
motion. The tensor z;x still determines the elastic deformation; its symmetrt- 
cal part is the elastic strain tensor, which is related to the stress tensor in the 
usual way, by Hooxe’s law. 

This equation, however, is now insufficient for a complete formulation of 
the problem. The full set of equations must also determine the velocity v of 
the points in the medium. 

It must be borne in mind that the movement of dislocations causes not only 
a change in the elastic deformation but also a change in the shape of the crystal 
which does not involve stresses, i.e. a plastic deformation. "Vhe motion of dis 
locations is in fact a mechanism of plastic deformation. "This is clearly illustra 
ted by Fig. 25, where the passage of the edge dislocation from left to riyhe 
causes the part of the crystal above the slip plane to be shifted to the right by 
one lattice period; since the lattice is then regular, the crystal remains an 
stressed. Unlike an elastic deformation, which is uniquely defined by the 
thermodynamic state of the body, a plastic deformation depends on the process 
which occurs. In considering dislocations at rest we have no need to distin 
guish elastic and plastic deformations, since we are concerned only with 
stresses which are independent of the previous history of the crystal. 

Let u be the geometrical displacement vector of points in the medium, 
measured, say, from their position before the deformation process beyins; 1s 


tT We shall not discuss here the problem of determining: this motion itself from the forces applied to 
the body. The solution of sacha problem requiten a detaied atudy of the macroscopic mechianisi of the 
motion of dislocutionn and them retardation by varioun delecta, which must take account of the 


conditions ov« eet snap, tora Coral ceyatuly. 
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If the “total distortion” tensor Wie = Ouy| Ox, 18 


tune derivative Wo Vv. 
“plastic part” 2") is obtained by subtracting 


formed from the vector u, 1s 


a 
t 
c 
c 
é 
aH d 
WwW 
tk 
dk 
m 
ar 
of 
of 
th 
Ss: 
Fic. 25 
~ . . . . . . Tl 
from Wi, the “elastic distortion” tensor, which is the same as the tensor w;x 1n ae 
(29.2). We use the notation we 
— jag = Ovi OE; (29.4)  @ 
the symmetrical part of jix gives the rate of variation of the plastic deformation th 
tensor: the change in 14") in an infinitesimal time interval 6¢ is 
Oj) = — Ajax + Jui) St. (29.5) 


We may note, in particular, that, if a plastic deformation occurs without 
> ’ eee ; , p 

destroying the continuity of the body, the trace of the tensor jj, 18 zero: 4 pra 

plastic deformation causes no extension or compression of the body (which pa: 


would always involve the appearance of internal stresses), 1.¢. ue¢ = 0, and Li 
therefore pag ug, fot = 0. in. 


29 A continuous distythution of dislocations [37 


Substituting in the definition (29.4) voy, Wy, voy, we can write it as 
CDi IK Cor 7 
> z | dik, (29.4 
at ON; 


n equation which relates the rates of change of the elastic and plastic deforma- 
ions. Here the jix must be regarded as given quantities which must satisfy 
onditions ensuring the compatibility of equations (29.6) and (29.2). These 
onditions are found by differentiating (29.2) with respect to time and sub- 
tituting (29.6), and are 


Cpix Cjmk 
pags auf 29.7 
a ey) 


The complete set of equations is given by (29.2) and (29.6), together with the 
ynamical equations / 


pu = Ooix| OXk, (29. 8) 


here oi% = Askimttim = Vikim@im- The tensors pik and jx which appear in 
lese equations are given functions of the co-ordinates (and time) which 
2scribe the distribution and movement of the dislocations. These functions 
lust satisfy the compatibility conditions of equations (29.2) with one another 
id with (29.6), which are given by (29.3) and (29.7). 

The condition (29.7) may be regarded as a differential expressionof the “haw 
‘conservation of the Burgers vector” in the medium: iterating both sides 
‘this equation over a surface spanning some closed line 1, defining by (29.1) 
e total Burgers vector b of the dislocations embraced by “, and using 
rOKEs’ theorem, we obtain 


db; : 
i dnd (29.9) 
L 


he form of this equation shows that the integral on the right gives the “flux” 
the Burgers vector through the contour L per unit time, i.e. the Burgers 
ctor carried across L by moving dislocations. We may therefore call Jix the 
location flux density tensor. 

In particular, it is clear that for an isolated dislocation loop the tensor j;;, has 
e form 


Jik = eampurV m 
= CimTV mbx5(§), (29.10) 
; being given by (27.6), and V being the velocity of the dislocation line at a 
(ticular point on it. The flix vector through the element dl of the contour 


sjirdd; and is proportional to dl-c xV =: V-d] XT, 1.e. the component of V 
a direction perpendicular to both dband from rcometrical considerations 
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it is evident that this is correct, since only that velocity component causes the 
dislocation to intersect the element dl. 

We may note that the trace of the tensor (29.1) is proportional to the com- 
ponent of the velocity of the dislocation along the normal to its slip plane. It 
has been mentioned above that the absence of any inelastic change in density 
of the medium is ensured by the condition j;; = 0. We see that for an indivi- 
dual dislocation this condition signifies motion in the slip plane, in accordance 
with the previous discussion of the physical nature of the movement of dis- 
locations; see the last footnote to §28. 

Finally, let us consider the case where dislocation loops are distributed in 
the crystal in such a way that their total Burgers vector (denoted by B) is zero.t 


Fic. 26 


This condition signifies that integration over any cross-section of the body 
gives 


[ons = 0. (29.11) 


From this it follows that the dislocation density in this case can be written as 
pik = CiimOP mr] Ox; (29.12) 


(F. Kroupa 1962); then the integral (29.11) becomes an integral along a con- 
tour outside the body, and is zero. It may also be noted that the expression 
(29.12) necessarily satisfies the condition (29.3). 

It is easy to see that the tensor P;z thus defined represents the dislocation 
moment density in the deformed crystal, and may therefore be called the 
“dislocation polarisation”: the total dislocation moment Dj; of the crystal is, 


by definition, 
Dix = > Sib_ = Jean > bedisadsn 
D 
= 4 [camapmad V, 


t The presence of a dislocation involves a certain bending: of the crystal, as shown diaperammiatically 
in Fig. 26 (greatly exaggerated). The condition Bo Qomestan that dhere voto miu toscapte bending: of 
the crystal as a whole. 
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where the summation is over all dislocation loops and the integration is over 
the whole volume of the crystal. Substituting (29.12), we obtain 


{ f ol ak , 
Dix == 3 Citmempat Ab 


= AE = _ av 
‘ im Ox; Cte 


and, after integrating by parts in each term, 
Diz = [ Paar. (29.13) 


The dislocation flux density is given in terms of the same tensor 1’), by 
Jik = — OPix/ Ot. (29 1-4) 


This is easily seen, for example, by calculating the integral [j;, d}) over an 
arbitrary part of the volume of the body, using the expression (29.10), to sive 
a sum over all dislocation loops within that volume. We may note that the 
expression (29.14) together with (29.12) automatically satisfies the condition 
(297): 

A comparison of (29.14) with (29.4) shows that dw, dP. Wwe 
agree to regard the plastic deformation as absent in the state with Pj, 0, 
then wz) = Pix,F and 


wiz = Wig — wig?) = Cup] Oxi — Pix, (29.15) 


where uz is again the vector of the total geometrical displacement from the 
position in the undeformed state. Equation (29.6) is then satisfied identically, 
and the dynamical equation (29.8) becomes 


pli; — AsxymO?Um| Ox~0%1 = — AsxtmOPim|OX::- (29 16) 


Thus the determination of the elastic deformation duc to moving: dislocations 
with B = 0 reduces to a problem of ordinary elasticity theory with body forces 
distributed in the crystal with density —Ajrim0Pim/Oxy (A. Mo WKosevicn 
1963). 


§30. Distribution of interacting dislocations 


Let us consider a large number of similar straight dislocations lyin: 
parallel in the same slip plane, and derive an equation to determine then 
equilibrium distribution. Let the z-axis be parallel to the dislocations, and 
the xz-plane be the slip plane. 


Tt It is assumed that the entire deformation process occurs with B=: 0. Vhia point munt be emptia 
sised, since there is a fundamental difference between the tensors Py, and ve, s wherews Py ina Lane 
tion of the state of the body, the tensor, 8 is not, but depends oa the process which has beoupht the 
body into that state. 
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We shall suppose for definiteness that the Burgers vectors of the disloca- 
tions are in the x-direction. "hen the force in the slip plane on unit length of 
a dislocation is bozy, where ogy is the stress at the position of the dislocation. 

The stresses created by one straight dislocation (and acting on another 
dislocation) decrease inversely as the distance from it. The stress at a point x 
due to a dislocation at a point x’ is therefore bD/(x—«x’), where D is a constant 
of the order of the elastic moduli of the crystal. It may be shown that this 
constant D is positive, i.e. two like dislocations in the same slip plane repel 
each other.t 

Let p(x) be the line density of dislocations on a segment (a1, ag) of the 
x-axis; p(x)dx is the sum of the Burgers vectors of dislocations passing through 
points in the interval dx. Then the total stress at a point x on the x-axis due to 
all the dislocations is given by the integral 


d 
Ony(x) = -»| Mone : (30.1) 


For points in the segment (a1, ag) this integral must be taken as a principal 
value in order to exclude the physically meaningless action of a dislocation on 
itself. 

If the crystal is also subjected to a two-dimensional stress field ozy(0(x, y) 
in the xy-plane, caused by given external loads, each dislocation will be sub- 
jected to a force b(oz,+p(x)), where for brevity p(x) denotes ozy((x, 0). The 
condition of equilibrium is that this force should be zero: ozy+p = 0, i.e. 


d x 
p) sone p(é)dé -? ee) (30.2) 


where P denotes, as usual, the principal value. This is an integral equation to 
determine the equilibrium distribution p(x). It is a singular equation with a 
Cauchy kernel. 

The solution of such an equation is equivalent to a problem in the theory of 
functions of a complex variable which may be formulated as follows. 

Let Q(z) denote a function defined throughout the complex z-plane (cut 
from a; to ag) as the integral 


Q(z) = foes (30.3) 


ogy 
a1 


Let Q*(x) and Q-(x) denote the limiting values of Q(z) on the upper and lower 
edges of the cut. They are equal to similar integrals along the sezment (a1, a) 


Tt Tor an isotropte medinen this Tavs beeen poocedin Qik) Profbery $. 
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with an indentation m the form: of an miluitesmnat semremele below or above 
the point sow respectively, ie. 


hy 
> (E\dE 
QO Cey ee P| on +b tap(a). (30.4) 
ay 


If p(€) satisfies equation (30.2), the principal value of the integral ts c(v), and 
we therefore have 

O+(x) + Q-(x) = 2w(x}, (30.5) 

OF (x) — O-(x) = Zerp(x). (30.6) 
Thus the problem of solving equation (30.2) is equivalent to Chat of finding an 
analytic function Q(z) with the property (30.5); p(x) is then given by (30.6) 
The physical conditions of the problem in question also require that OC) 0, 
this follows because far from the dislocations (x—>4. @) the stresses 0), mud 
be zero (by the definition (30.3), ozy(x) = —DQ(x) outside the sepment 
(a1, a2)). 

Let us first consider the case where there are no external stresses (piv) 0), 
and the dislocations are constrained by some obstacles (lattice defects) at the 
ends of the segment (a1, a2). When w(x) = 0 we have from ($0.5) © !() 

— Q-(x), i.e. the function Q(z) must change sign in a passapye round cach of 
the points a1, ag. This condition is satisfied by any function of the form 
PE 
Q(z) = a) (30.7) 
V[(a2—2)(2—a1)] 


where P(z) is a polynomial. The condition Q(co) = 0 means that we mur 
take P(z) = 1 (apart from a constant coefficient), so that 


1 
V[(a2—2)(z-a1)] 


Q(z) = (38) 


The required function p(x) will, according to (30.6), have the same form. ‘The 
coefficient is determined from the condition 


a 


[oa == B. ($0.9) 


a 
where B is the sum of the Burgers vectors of all the dislocations, and so we have 
B 
wV\(az xv ayy 


We see that the dislocations pile up towards the obstacles at the ends of the 


pl) (30.10) 
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segment, with density inversely proportional to the square root of the distance 
from the obstacle. The stress outside the segment (aj, dz) increases in the same 
manner as the ends of the segment are approached, ¢.y. for x > a9 


BD 
/[(#—a2)(a2—a1)] 


In other words, the concentration of dislocations at the boundary leads to a 
stress concentration beyond the boundary. 

Let us now suppose that under the same conditions (obstacles at the fixed 
ends of the segment) there is also an external stress field p(x). Let Qo(z) 
denote a function of the form (30.7), and let us rewrite equation (30.5) 
divided by Qo + = —Qo- as 


Oxy = 


Q(x) O(n) _ 2u(z) 
Qo* (x) Oo-(x) Oot (x) ; 


A comparison of this with (30.6) shows that 


Q(z) 1 f o() I ci 
Qo(z) ind Qo*€é) au P(2); (30.11) 


where P(z) is a polynomial. A solution which satisfies the condition Q(co) 
= 0 is obtained by taking as Qo(z) the function (30.8) and putting P(z) = C, 
a constant. The required function p(x) is hence found by means of (30.6), and 
the result is 


Qe 


Pf wlé vila a1e- a4 


1 
ee (Caer a 


ay 


[oneeeasne 
V[(az—s)("—an)] 


The constant C'is determined by the condition (30.9). Here also p(x) increases 
as (a2 — x)~1/2 when x—>az (and similarly when x->a), and a similar concentra- 
tion of stresses occurs on the other side of the boundary. 

If there is an obstacle only on one side (at a2, say) the required solution 
must satisfy the condition of finite stress for all x <a, including the point x- 
ay; the position of the latter point is not known beforchand and must be deter- 
mined by solving the problem. With respect to Q(z) this means that Q(a1) 
must be finite. Such a function (satisfying also the condition Q(c@) 0) is 
obtained from the same formula (30.11) by taking: for Qo(s) the function 


(30.12) 
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V|[(s--a1)/(a2s)}, which is also of the form (30.7), and putting Piz) 0ain 
(30.11). "The result is 


ay— E € w(E)dg 
eee ok 30.13 
Aa a ag— Xx P| =a Ee 


ay 


When xa}, p(x) tends to zero as 1/(x—a)). The total stress oy,(x) 1 pv) 
tends to zero according to a similar law on the other side of the point ar. 

Finally, let there be no obstacle at either end of the segment, and Ict the 
dislocations be constrained only by external stresses p(x). Vhe corresponding: 
Q(z) is obtained by putting in (30.11) Qo(z) = V/[(a2—saY(z- a), Pe) 
The condition Q( 00) = 0, however, here requires the fulfilment of a further 
condition: taking the limit as zoo in (30.11), we find 


o(S)d6 = (30.14) 
J Vi(a—O(E-a)] 
The function p(x) is given by 
w(€) dé é 
p(x) = — villas x)(x— one a Vitae ay) tag (30.15) 


the co-ordinates a; and ag of the ends of the segment being determined by the 
conditions (30.9) and (30.14). 


PROBLEM 


Find the distribution of dislocations in a uniform stress field p(x) = po over a seyiicet 
with obstacles at one or both ends. 


SoLuTIon. When there is an obstacle at one end (a2) the calculation of the integaal (40 14) 
gives 


@)- 2 /— 
PSE ee 


The condition (30.9) determines the length of the segment occupied by dislocations: a, a1 


2BD/Po. Beyond the obstacle there is a concentration of stresses near it according: to 
a2— aj 
Oxy = Po - 
X— a 


For a segment of length 2L bounded by two obstacles we take the origin of vat he mudpott 
and obtain from (30.12) 


] Po 
ae B 
etx) hie ® (ne ) 
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§31. Equilibrium of a crack in an clastic medium 


The problem of the equilibrium of a crack is somewhat distinctive among 
the problems of elasticity theory. From the point of view of that theory, a 
crack is a cavity in an elastic medium, which exists when internal stresses are 
present in the medium and closes up when the load is removed. The shape and 
size of the crack depend considerably on the stresses acting on it. The mathe- 
matical feature of the problem is therefore that the boundary conditions are 
given on a surface which is initially unknown and must itself be determined in 
solving the problem.t 

Let us consider a crack in an isotropic medium, of infinite length and uni- 
form in the z-direction and in a plane stress field oj,¢(x, y); this is a two- 
dimensional problem of elasticity theory. We shall suppose that the stresses 
are symmetrical about the centre of the cross-section of the crack. Then the 
outline of the cross-section will also be symmetrical (Fig. 27). Let its length be 
2L and its variable width h(x); since the crack is symmetrical, A(~x) = h(x) 


We shall assume the crack to be thin (h<L). Then the boundary conditions 
on its surface can be applied to the corresponding segment of the x-axis. Thus 
the crack is regarded as a line of discontinuity (in the xy-plane) on which the 
normal component of the displacement u, = + 4h is discontinuous. 

Instead of h(x) we define a new unknown function p(x) by the formulae 


L 


ns) = fo(s)de, px) = —p(a). (31.1) 


xz 


The function p(x) may be conveniently, though purely formally, interpreted 
as a density of straight dislocations lying in the z-direction and continuously 
distributed along the x-axis, with their Burgers vectors in the y-direction.} 
It has been skown in §27 that a dislocation line may be regarded as the edge of 
a surface of discontinuity on which the displacement u has a discontinuity b. 
In the form (31.1) the discontinuity A of the normal displacement at the point 


{ The quantitative theory of cracks discussed here is due to Gb Barennrare (1959), 
{ It is for this reason that the theory of cracka ta described here tn the « hapter on dislocations, 


although physically the phenomena are quite different, 


§31 Kgutltbyimm of a crack in an elastre medium ts 


xis regarded as the sum of the Burvers vectors of all the dislocations lying: to 
the right of that point; the equation p(x) p(x) stynities that the dis 
locations to the right and to the left of the pointy O have opposite signs 

By means of this representation we can write down immediately anes pression 
for the normal stresses (oy,) on the x-axis. “Vhese consist of the stresse: 
oyy'?(x, 0) resulting from the external loads (which for brevity we denote by 
p(x)) and the stresses cyy(€?(x) due to the deformation caused by the crack 
Regarding the latter stresses as being due to dislocations distributed over the 
segment (—L, L£), we obtain (similarly to (30.1)) 


L 
d 
yx) = -p{ es, (31.2) 


for points in the segment (—L, L) itself, the integral must be taken as a prmes 
pal value. For an isotropic medium, 


pe a 
~ 2n(1—«) 4n(1—o) 


see §28, Problem 3. The stresses oz, due to such dislocations tn an tsolropre 
medium are zero on the x-axis. 

The boundary condition on the free surface of the crack, applicd (as already 
mentioned) to the corresponding segment of the x-axis, requires that the 
normal stresses oyy = oyy'°F) + p(x) should be zero. "This condition, however, 
needs to be made more precise, for the following reason. 

Let us make the assumption (which will be confirmed by the result) that 
the edges of the crack join smoothly near its ends, so that the surfaces approach 
very closely. Then it is necessary to take into account the forces of molecular 
attraction between the surfaces; the action of these forces extends to a distince 
ro large compared with interatomic distances. ‘These forces will be of impor 
tance in a narrow region near the end of the crack where #. ro; the lenpth of 
this region will be denoted by din order of magnitude, and will be estimated 
later. 

Let G be the force of molecular cohesion per unit area of the crack, at 
depends on the distance h between the surfaces.t When these forces are tien 
into account, the boundary condition becomes 


Syy9 + p(x)—G = 0. ($1.4) 

It is reasonable to suppose that the shape of the crack near its end ts dete 
mined by the nature of the cohesion forces and docs not depend on the extemal 
loads applied to the body. Then, in finding the shape of the main part of the 
crack from the external forces p(x), the quantity G becomes a given function 
G(x) independent of p(x) (over the region d, outside which it is unimportant), 


(31.5) 


fT In the macroscopic theory, the function Gov) inte be reparded = an mereasing: smoothly, an fa 
decreases, up to an maxinigin value at the end of the «ene k 
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Substituting oyy(") from (31.2) in (31.4), we thus obtain the following 
integral equation for p(x): 


L 


p(é)dé 
A= 


1 1 
= pe) — pe) = w(x). (31.5) 


Since the ends of the crack are assumed not fixed, the stresses must remain 
finite there. This means that, in solving the integral equation (31.5), we now 
have the last of the cases discussed in §30, for which the solution is given by 
(30.15). With the origin at the midpoint of the segment (— L, L) this formula 
becomes 


(x) = — jigs. p28) dé (31.6) 
p 5 Pe fas 
The condition (30.14) must be satisfied, which in this case gives 
| p(x)dx = G(x)dw : ne 
Vea) SP) " 
0 0 


(where the integrals from —L to L have been replaced by integrals from 0 to 
L, using the symmetry of the problem). Since G(x) is zero except in the range 
L—x~d, in the second integral we can put L?—x?~2L(L — x); the condition 
(31.7) then becomes 


p(x)dx M ; 
od ee (31.8) 
| V(R=) QL) 
where /M denotes the constant 
d 
G(é)dé 

M = |———, 31.9 
| ve (31.9) 


which depends on the medium concerned. This constant can be expressed in 
terms of the ordinary macroscopic properties of the body, its elastic moduli 
and surface tension «; as will be shown later, the relation is 


M=1/ [nak |(1—o?)]. (31.10) 


The equation (31.8) determines the length 2, of the crack from the given 
stress distribution p(x). For example, for a crack widened by concentrated 


Naa Mquthitninn of a cack man elastic median [47 
forces fapplicd to the midpotnts of the sides (p(w) /o(v)) we find 


21, == f2{M> 
= f2(1—o®)/ralt. (30.11) 


It must be remembered, however, that stable equilibrium of a crack is not 
possible for every distribution p(x). For instance, with uniform widens: 
stresses (p(”) = constant = po) (31.8) gives 


2L = 4M2/72 p92 
= 4aF/a(1— 6) po". (31.12) 


‘This inverse relation (L decreasing when pg increases) shows that the state i 
unstable. The value of L determined by (31.12) conespond: to untable 
equilibrium and gives the “‘critical” crack length: lonper crack. PEOW spon 
taneously, but shorter ones close up, a result first derived by AOA) Gaenciin 
(1920). 

Letusnowreturntotheconsiderationoftheshapeoftheerack. \Whenl. od, 
the region L— €~dis the most important in the inteyral in (31.6). "Vhe mtey ral 
can then be replaced by its limiting value as x->/.; the result isp consbunt - 


x 4/(L—x), whencet 
h(x) = constant x(L—x)82  (L-- xd). ($1.13) 


We see that over the terminal region d the two sides of the crack in fact jorn 
smoothly. The value of the coefficient in (31.13) depends on the properties of 
the cohesion forces and can not be expressed in terms of the ordinary macto 
scopic parameters. 

For the part farther from the end, where d<L—x<L, the repion Lf 
is again the most important in the integral in (31.6), and MAA)~ GYD In 
addition to putting L2—#?~2L(L—x), L2— 2~ 2001 --€), we can heve 
replace £—x by L—x, obtaining p = M|/r? D/(L—x), where AL is the same 
constant as in (31.9), (31.10). Hence 


h(x) = 2M4/(L— x)/x2D (d<L—x<l). (31.14) 


‘Thus the end of the crack has a shape independent of the applied forces (and 
therefore of the length of the crack) throughout the range Lx. L- when 
L—x>d the shape is given by (31.14), and when L—x~d it has an infinitely 


} In order to proceed to the limit we must first divide the intepral in (31.6) into two inteprals wich 
numerators w(£)— (1) and o(L.); the second integral makes no contribution to the linnitenp value. 

¢ An estimate of the coefficient in (31.13) pives a value of the order of Vad, where a isthe dimension 
of an atom (using « ~ ak, M~ Eva), An estimate of the length dia obtained from the coneitin 
h(d) ~ ro, whence d~ rot/a > re. It should be mentioned, however, that ta practice the required 
inequalities are satisfied only by a small marin, so that the resulting: shape of the terminal projection 
of the crack is not to be taken as exact. 
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sharp projection (31.13) (Mig. 28). ‘he shape of the remainder of the crack 
does depend on the applied forces. 


If we ignore details, of the order of the radius of the action of the cohesion 
forces, the crack therefore has a smooth outline with ends rounded according 
to the parabolas (31.14), and this shape is entirely determined by the applied 
forces and the ordinary macroscopic parameters. The small (~d) terminal 
projections which actually occur are of fundamental significance, however, 
since they ensure that the stresses remain finite at the ends of the crack. 

The stresses caused by the crack on the continuation of the x-axis are given 
by formula (31.2). At distances x—L such that d<x—L<L, we havet 

Cyy X Cy) ~ M/ar/(x—L). (31.15) 
The increase in the stresses as the edge of the crack is approached continues 
according to this law up to distances x— L~d, and oyy then drops to zero at 
the point x = L. 

It remains to derive the formula (31.10) already given above, which relates 
the constant M to the ordinary macroscopic quantities. To do this, we writc 
down the condition for the total free energy to be a minimum by equating to 
zero its variation under a change in the length L. 

Firstly, when the length of the crack increases by 5L the surface energy at 
its two free surfaces increases by 5Fsyrrp = 2«5L. Secondly, the “‘opening” of 
the crack end reduces the elastic energy Fe, by $foyy(x)n(x)dx, where (x) is 
the difference in width between the displaced and undisplaced crack shapes. 
Since the shape of the crack end is independent of its length, y(x) = h(x— dL) 
—h(x). The stress oyy = 0 for x<L, and h(x) = 0 for x>L. Hence 


L+8h 
8Fa= —4 | oyy(x)h(x—SL)dex. 


L 


+ The integral is easily calculated direedy, but itis not necesmiry to do thin if we use the celation 
between the functions p(v) for - fawn iy for - fo owlochoan evident from the resalts of §30, 


§3l Mquilibrinm of a cack inan elastic medium 149 


Substituting (31.14) and (31.15), we find 


L+éh 
M2 ¢ [L+8L—x 
Fa=-sa{ fo 
aD X— bs 
L 
éL 
M? vy dy 
BDI V/(8L—y) 
M2 
~ aD 


Finally, the condition 8F urr+ 5Fe1 = 0 gives the relation AL dita D), ane 
hence we have (31.10).+ 


{ It may be noted that the theory described above, including: the relation (FL LO), svat tact npepder ates 
as it stands only to ideally brittle bodies, i.e. those which remain Lmeatly ebestie up Co Fea tae ce lias 
glass and fused quartz. In bodies which exhibit plasticity the formation of the crack mony be aes crepeaciee cl 
by plastic deformation at its ends. 


CHAPTER V 


THERMAL CONDUCTION AND VISCOSITY IN SOLIDS 


§32. The equation of thermal conduction in solids 


Non-UNIFoRM heating of a solid does not cause convection as it generally 
does in fluids. Hence the transfer of heat is effected in solids by thermal 
conduction alone. The processes of thermal conduction in solids are there- 
fore described by somewhat simpler equations than those for fluids, where 
they are complicated by convection. 

The equation of thermal conduction in a solid can be derived immediately 
from the law of conservation of energy in the form of an “equation of con- 
tinuity for heat”. The amount of heat absorbed per unit time in unit volume 
of the body is 70,S/dt, where S is the entropy per unit volume. This must 
be put equal to - div q, where q is the heat flux density. This flux can 
almost always be written as — « grad 7, i.e. it is proportional to the tempera- 
ture gradient (« being the thermal conductivity). Thus 


ToS/ot = div (« grad 7). (32.1) 
According to formula (6.4), the entropy can be written as 
S= So(T) + Katz, 


where « is the thermal expansion coefficient and So the entropy in the 
undeformed state. We shall suppose that, as usually happens, the tempera- 
ture differences in the body are so small that quantities such as x, «, etc. 
may be regarded as constants. Then equation (32.1), after substitution of 
the above expression for S, becomes 


According to a well-known formula of thermodynamics, we have 
Cp—Cy = Ke®T, 


whence 


aKT = (Cp—Cy)fa. 


‘The time derivative of So can be written as (059/07) - (07/1), where the 
derivative 0So/OT is taken for uy divue 0, Le. at constant volume, and 
therefore is equal to C,/ 7. 

180 
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The resulting equation of thermal conduction is 


GF Gas fa] di AT 32 ; 
4 dV ‘ 32.0, 
ur ae a ‘ Cen) 


In order to obtain a complete system of equations, it is necessary to add an 
equation describing the deformation of a non-uniformly heated body. This is 
the equilibrium equation (7.8): 


2(1—«) grad div u—(1—2c) curl curlu = 3o(1+0) grad T. (32.3) 


From equation (32.3) we can in principle determine the deformation of the 
body for any given temperature distribution. Substituting the expression for 
div u thus obtained in equation (32.2), we derive an equation giving the 
temperature distribution, in which the only unknown function is T (x, ¥, 2; f). 

For example, let us consider thermal conduction in an infinite solid in 
which the temperature distribution satisfies only one condition: at infinity, 
the temperature tends to a constant value 7'y, and there is no deformation. 
In such a case.equation (32.3) leads to the following relation between div u 
and T (see §7, Problem 8): 


divas =a T= 79). 


Substituting this expression in (32.2), we obtain 


(1+0)Cp+2(1—20)Cy OT 
3(1— 0) at 


which is the ordinary equation of thermal conduction. 

An equation of this type also describes the temperature distribution alony, 
a thin straight rod, if one (or both) of its ends is free. "The temperature may 
be assumed constant over any transverse cross-section, so that 7'is a function 
only of the co-ordinate x along the rod and of the time. ‘The thermal expan 
sion of such a rod causes a change in its length, but no departure from strap ht 
ness and no internal stresses. Hence it is clear that the derivative dS/er in 
the general equation (32.1) must be taken at constant pressure and, since 
(AS/0t)p = Cait, the temperature distribution will satisfy the one dimen 
sional thermal conduction equation CpéT/et = K02T |] dx*. 

It should be mentioned, however, that the temperature distribution ima 
solid can in practice always be determined, with sufficient accuracy, by a 
simple thermal conduction equation. The reason is that the second term on 
the left-hand side of equation (32.2) is a correction of order (Cp O,)/C» 
relative to the first term. In solids, however, the difference between the two 
specific heats is usually very small, and if it is neglected the equation of 
thermal conduction in solids can always be written 


eT; (32.4) 


arjar yAT, (32.5) 
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where x is the thermometric conductivity, defined as the ratio of the ther- 
mal conductivity « to some mean specific heat per unit volume C. 


§33. Thermal conduction in crystals 


In an anisotropic body, the direction of the heat flux q‘is not in general 
that of the temperature gradient. Hence, instead of the formula 


q = —« gradT 


relating q to the temperature gradient, we have in a crystal the more general 
relation 


qi = — Kix 0T/Oxg. (33.1) 


The tensor «4, of rank two, is called the thermal conductivity tensor of the 
crystal. In accordance with (33.1), the equation of thermal conduction (32.5) 
has also a more general form, 


oT eT 


——-—-, 33.2 
ot = Ox{OXK ( ) 


A general theorem can be stated: the thermal conductivity tensor is 
symmetrical, i.e. 


Kit = Ket. (33.3) 


This relation, which we shall now prove, is a consequence of the symmetry 
of the kinetic coefficients.+ 

The rate of increase of the total entropy of the body by irreversible pro- 
cesses of thermal conduction is 


$ avd ay diy av dav 
a= - (> - - | divS + | a-erad. ; 


The first integral, on being transformed into a surface integral, is seen to be 
zero. ‘Thus 


: d 1 av q-grad T d 
Stot = | a-sea 7 = =e V, 


or 
Stor = — la oe dV. (33.4) 
T? 0x; 
In accordance with the general definition of the kinetic coefficients,{ we 


t See Statistical Physics, §122. 
{ We here use the definition piven in Mlasd Mechanics, 454. 
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can deduce from (33.4) that in the case considered the coeflicients Tag, 1m 


Tr? 1 | 
i= cue aay 


are kinetic coefficients. Hence the result (33.3) follows immediately from the 
symmetry of the kinetic coefficients. 
The quadratic form 


oT oT aT 
Oe: oe Ox, OXK 
must be positive, since the time derivative (33.4) of the entropy mut be 
positive. The condition for a quadratic form to be positive ts that the capren 
values of the matrix of its coefficients are positive. Hence all the primerpal 
values of the thermal conductivity tensor «ig are always positive, thin 
evident also from simple considerations regarding: the direction of the heat 
flux. 

The number of independent components of the tensor «i, depends on the 
symmetry of the crystal. Since the tensor «jx 1s symmmett ical, this number os 
evidently the same as the number for the thermal expansion tensor (§10), 
which is also a symmetrical tensor of rank two. 


§34. Viscosity of solids 


In discussing motion in elastic bodies, we have so far assumed that the 
deformation is reversible. In reality, this process is thermodynanuecally 
reversible only if it occurs with infinitesimal speed, so that thermodynamic 
equilibrium is established in the body at every instant. An actual motion, 
however, has finite velocities; the body is not in equilibrium at every imstant, 
and therefore processes will take place in it which tend to return it to equih 
brium. The existence of these processes has the result that the motion rs 
irreversible, and, in particular, mechanical energy} is dissipated, ultimately 
into heat. 

The dissipation of energy occurs by two means. Firstly, when the tempera 
ture at different points in the body is different, irreversible processes of thermal 
conduction take place in it. Secondly, if any internal motion occurs im the 
body, there are irreversible processes arising from the finite velocity of 
that motion. This means of energy dissipation may be referred to, as in 
fluids, as internal friction or viscosity. 

In most cases the velocity of macroscopic motions in the body ts so small 
that the energy dissipation is not considerable. Such “almost irreversible” 
processes can be deseribed by means of what is called the disstpatroe function. | 


t By mechanical energy we here mean the aston of the kinetic energy of the macroscopic motion i 
the elastie body and its (clastic) potentiil energy aresng: from the deforniuttion. 
ft dee Statistical Physics, Qb2s. 
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If we have a mechanical system: whose motion involves the dissipation. of 
energy, this motion can be deserived by the ordinary equations of motion, 
with the forces acting on the system augmented by the dissipative forces o1 
frictional forces, which are linear functions of the velocities. ‘hese forces 
can be written as the velocity derivatives of a certain quadratic function ‘V’ 
of the velocities, called the dissipative function. The frictional force /, 
corresponding to a generalised co-ordinate g, of the system is then given by 
fa = —@¥/0g,. The dissipative function VY is a positive quadratic form in 
the velocities g,. The above relation is equivalent to 


SY = —> fadda, (34.1) 
a 


where 5'V’ is the change in the dissipative function caused by an infinitesimal 
change in the velocities. It can also be shown that the dissipative function 1s 
half the decrease in the mechanical energy of the system per unit time. 

It is easy to generalise equation (34.1) to the case of motion with friction 
in a continuous medium. ‘The state of the system is then defined by a con- 
tinuum of generalised co-ordinates. These are the displacement vector u at 
each point in the body. Accordingly, the relation (34.1) can be written in 
the integral form 


8[ vay = — [fidii dV, (34.2) 


where f; are the components of the dissipative force vector f per unit volume 
of the body; we write the total dissipative function for the body as f ‘I’ dF, 
where V’ is the dissipative function per unit volume. 

Let us now determine the general form of the dissipative function ‘Y for 
deformed bodies. The function ‘Y, which describes the internal friction, 
must be zero if there is no internal friction, and in particular if the body 
executes only a general translatory or rotary motion. In other words, the dis- 
sipative function must be zero if &@ = constant or @ = 2 Xr. This means that it 
must depend not on the velocity itself but on its gradient, and can contain only 
such combinations of the derivatives as vanish when B = Q Xr. These are 
the sums 


Ox, Ox; ‘ 


i.e. the time derivatives u;, of the components of the strain tensor.f “hus 
the dissipative function must be a quadratic function of tz. ‘he most 
general form of such a function is 


Y = dninimtlixtiim. (3 1.3) 


t Cf. the entircly analogous arguments on the viscosity of Mluida in lard Alechanres, S45. 


t 
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Vhe tensor icin, of tank four, may be called the eiscosity tensor. VO has the 
folowing evident symmetry properlics : 


Yiklm == Wmik °° Whilm — Wikml- (34.4) 


The expression (34.3) is exactly analogous to the expression (10.1) for the 
free energy of a crystal: the elastic modulus tensor is replaced by the tenses 
niklm, and ux by tx. Hence the results obtained in §10 for the tensor Aji on 
in crystals of various symmetries are wholly valid for the tensor a/innn aleo. 

In particular, the tensor 747m in an isotropic body has only two independent 
components, and ¥ can be written in a form analogous to the expres:1on 
(4.3) for the elastic energy of an isotropic body: 


WY = (tin — 45ixtin)? + 2b’, ($1.4) 


where 7 and € are the two coefficients of viscosity. Since ‘logs a poratiys 
functiori, the coefficients 7 and ¢ must be positive. 

The relation (34.2) is entirely analogous to that for the clastic free cnerpy, 
SfFdV = —J F,éu; dV, where Fj = 00;;,/0x, is the force per unit volute 
Hence the expression for the dissipative force fj in terms of the tensor iy, 
can be written down at once by analogy with the expression for 7) in Cerne 
of uj. We have 


fi = 00° ix/Oxx, (31.6) 
where the dissipative stress tensor o’jx 1s defined by 
Oik = OV" Otte, == Niktntim- (IALZ) 


The viscosity can therefore be taken into account in the equations of motion 
by simply replacing the stress tensor oj, in those equations by the sum 
Cik +O ik. 

In an isotropic body, 


oan = 2n( tix — 4Sixtin) + Cap dix- (34.8) 


‘This expression is, as we should expect, formally identical with that lor the 
viscosity stress tensor in a fluid. 


§35. The absorption of sound in solids 


The absorption of sound in solids can be calculated in a manner cotirely 
analogous to that used for fluids.t Ilere we shall give the calculations for an 
isotropic body. The thermal-conduction part of the cnerpgy dissipation 
Emech is given by the integral --(«/T) f (grad 7)? dV. On account of viscosity, 
an amount of energy 24” is dissipated per unit time and volume, so that the 


total viscosity part of Mmecn is —2f dV. Using the expression (46.5), we 


t See Fluid Mechanics, 477 
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therefore hiave 
Foaveet | (grad 7)! dV 2y [ (te ~ ABuntin)® AV | tix? dV. (35.1) 


‘Vo calculate the temperature gradient, we use the fact that sound oscilla- 
Hons are adiabatic in the first approximation. Using the expression (6.4) for 
the ents opy, we can write the adiabatic condition as So(L) + Kaui = So(7 0), 
where 79 ts the temperature in the undeformed state. Expanding the differ- 
ence Sol) SoCo) in powers of 7-74, we have as far as the first-order 
terms SoC) So(To) (TP 10) ASo/AT = CY(L—T9)/To. The derivative 
of the entropy is taken for uy 0, ie. at constant volume. Thus 


T+ To =: ~- TaKuy/Cy. 
Using also the relations Kos: Kiso == CyKaa/Cp and Kaal/p = c?—4c2/3, 
we can rewrite this result: as 


Tap(c? — 4e,2/3 
dodge = Pon ake (35.2) 


¥ 


“Dp 


Pet ous first consider the absorption of transverse sound waves. ‘I'he 
thermal conduction cannot result in the absorption of these waves (in the 
approximuition considered). For, in a transverse wave, we have ug = 0, and 
therefore the temperature in it is constant, by (35.2). Let the wave be propa- 
pated alony the w-axis; then 


uy 0, ty toy Cos(kx- col), uz = Uoz cos(kx— wt), 


and the only non-zero components of the deformation tensor arc 
er whityy SIX - col), thay © - ~- Rito, sin(kx ~ wt). 

We shall consider the energy dissipation per unit volume of the body; the 
(tyme) average value of this quantity is, from (35.1), 


me ” 9 
een 9 40%” -b os?) lee, 


where we have put k ae; “The total mean energy of the wave is twice 
(he qean kinetic cnerpy, te. 


Lp | mdvV; 
for umit volume we have 
iD Soot (ugy” l No."). 
‘The sound absorption coctherent 1s defined as the ratio of the mean energy 


desapation fo twice the mean energy flux in the wave; this quantity griven 
the tanner of vaniition of the wave amplitude with distance. "Che amplitude 
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decreases as e **. ‘Thus we find the following expression for the absorption 
coefficient for transverse waves: 
“= 4|Emecn|/cel = nw*/2pc. (35.3) 


In a longitudinal sound wave uz = uo cos(kx— wt), uy = uz=0. A 
similar calculation, using formulae (35.1) and (35.2), gives 


a2 (5 +2) a‘ ee 4¢,2\2 354 
Hee 2pe? 3" Cy? saa) F eu 


These formulae relate, strictly speaking, only to a completely isotropic and 
amorphous body. They give, however, the correct order of magnitude for 
the absorption of sound in anisotropic single crystals also. 

The absorption of sound in polycrystalline bodies exhibits peculiar proper- 
ties. If the wavelength A of the sound is small in comparison with the 
dimensions a of the individual crystallites, then the sound is absorbed in 
each crystallite in the same way as in a large crystal, and the absorption 
coefficient is proportional to w®. 


If A > a, however, the nature of the absorption is different. Ure in hoa 
wave we can assume that each crystallite is subject to a uotlormly de tubuted 
pressure. However, since the crystallites are anisotropie, and so are Che 
boundary conditions at their surfaces of contact, the cenultray: delortmation ve 
not uniform. It varies considerably (by an amount of the same order a 
itself) over the dimension of a crystallite, and not over one wavelenyth ayia 


homogeneous body. When sound is absorbed, the rates of change of the 
deformation (t,) and the temperature gradients are of importance. Of 
these, the former are still of the usual order of magnitude. ‘The temperature 
gradients within each crystallite are anomalously large, however. Hence the 
absorption due to thermal conduction will be large compared with that due to 
viscosity, and only the former need be calculated. 

Let us consider two limiting cases. The time during which the temperature 
is equalised by thermal conduction over distances ~ a (the relaxation time 
for thermal conduction) is of the order of a?/y. Let us first assume that 
w < x/a2. This means that the relaxation time is small compared with the 
period of the oscillations in the wave, and so thermal equilibrium is nearly 
established in each crystallite; in this case we have almost isothermal oscilla- 
tions. 

Let 7’ be the temperature difference in a crystallite, and To’ the corres- 
ponding difference in an adiabatic process. The heat transferred by thermal 
conduction per unit volume is —divq = kA T’ ~ x«T’/a?. The amount of 
heat evolved in the deformation is of the order of To’C ~ wT o’C, where 
C is the specific heat. Equating the two, we obtain T’ ~ To’wa?/y. The 
temperature varies by an amount of the order of 7’ over the dimension of 
the crystallite, and so its gradient is of magnitude ~ T’/a, Vinally, To’ is 
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found from: (35.2), with mys ku ~ cole (u being: the amplitude of the 
dispkicement vector): 


Ty’ ~ TapewulC,; (35.5) 


in Obtaining orders of magnitude, we naturally neglect the difference between 
the various velocities of sound. Using these results, we can calculate the 
energy dissipated per unit volume: 


E - d 7’)? 7 ) 
imax YY ~~(gra oy camaed ee 
a qe i ( a 


Dividing this by the energy flux cH ~ cpwu2, we find the damping coefficient 
to be 


y ~ To2pca®w?/yC for wo < x/a? (35.6) 


(C. Zener 1938). Comparing this expression with the general expressions 
(35.3) and (35.4), we can say that, in the case considered, the absorption of 
sound by a polycrystalline body is the same as if it had a viscosity 


n ~ To®p%c4a2/yC, 


which ts much larger than the actual viscosity of the component crystallites. 

Next, let us consider the opposite limiting case, where w > x/a*. In other 
words, the relaxation time is large compared with the period of oscillations 
in the wave, and no noticcable equalisation of the temperature differences 
due to the deformation can occur in one period. It would be incorrect, 
however, to suppose that the temperature gradients which determine the 
absorption of sound are of the order of To//a. This assumption would take 
mito account only thermal conduction in each crystallite, whereas heat ex- 
change between neighbouring crystallites must be of importance in the case in 
question (M.A. Isaxovici 1948). If the crystallites were thermally insulated 
the temperature differences occurring at their boundaries would be of the 
same order 79’ as those within cach individual crystallite. In reality, however, 
the boundary conditions require the continuity of the temperature across 
the surface separating two crystallites. We therefore have “temperature 
waves” propagated away from the boundary into the crystallite; these are 
damped ata distance? 6 < y(y/@). In the case under consideration & « a, 
ne. the main temperature gradient is of the order of To//5 and occurs over 
distances small compared with the total dimension of a crystallite. The cor 
responding: fraction of the volume of the crystallite is ~ ad; taking the ratie 


[ Ttamay be recalled that, Ua therually cones Hing medium ty bounded by the plane v0, at 
which the cxcew tempeciture varied pestodically nccorcding to 7 Tye ef, then the temperature 
PYetubutton po the medium ae peven by the “tomperatuce wave’! Tye tote VADs (Px): nee 
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of this to the total volume ~ a3, we find the mean enervy dissipation 
> i) J 


a Tad- 


. K iy 2 as KT 2 
Emech ~ =(+) ~ 


T 


Substituting for To’ the expression (35.5) and dividing by cE ~ cpw%u2, we 
obtain the required absorption coefficient: 


y ~ To®pcs/(xw)/aC for w > y/a?. (35:7) 


It is proportional to the square root of the frequency. 

Thus the sound absorption coefficient in a polycrystalline body varies as 
w? at very low frequencies (w < x/a); for y/a2 < w < c/a it varies as 1/w, 
and for w > c/a it again varies as w?. 

Similar considerations hold for the damping of transverse waves in thin 
rods and plates (C. ZENER 1938). If A is the thickness of the rod or plate, 
then for A > hf the transverse temperature gradient is important, and the 
damping is mainly due to thermal conduction (sce the Problems). Halse 
w < x/h*, the oscillations may be regarded as isothermal, and therefore, in 
determining (for example) the characteristic frequencies of vibrations of the 
rod or plate, the isothermal values of the moduli of elasticity must be used, 


PROBLEMS 
PROBLEM 1. Determine the damping coefficient for longitudinal vibrations of a rod. 
SOLUTION. The damping coefficient for the vibrations is defined as f © - Wenscisl PK: 


the amplitude of the vibrations diminishes with time as e~f¢. 

In a longitudinal wave, any short section of the rod is subject to simple extension or com- 
pression; the components of the strain tensor are uzz = 0u,/@z, ure = uyy = —Caq0uz/ Oz. 
We put uz = uy cos kz cos wt, where k = w//(Egq/p). Calculations similar to those given 
above lead to the following expression for the damping coefficient: 


B a 3¢)2 — 4c;2 le? Z KT ap? 
= S\> Ih 1 YH}. 
2p 3 (c? = ce?) cy? (cj? = e2)(3 cj? = 4¢;?) 9C;? 


Here we have written £,q and caq in terms of the velocities c;, ce by means of formulae (22.4). 


PROBLEM 2. The same as Problem 1, but for longitudinal oscillations of a plate. 


SOLUTION. For waves whose direction of oscillation is parallel to that of their propagation 
(the x-axis, say) the non-zero components of the strain tensor are 


Uzge = duz/Ox, Uzz = —[oaa/(1— aa) ]Ouz/dx; 


see (13.1). The velocity of propagation of these waves is +/[F,a/p(1 —ogq*)]. A calculation 
gives 


F ow n 3c4 + 4e4 — 6c;2c;2 ley? KTo2p?(1+ real 
I eee ee  . 
2A3 cPar(ar—a?) — ¢2(q?—c?) 9C,? 


f The same frequency dependence m found for the absorption of sound propagated in a fiuid near 
a solid wall (in a pipe, dor matanee)}, ace Piva Alechannis, G77, Problems. 
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For waves whose direction of oscillation is perpendicular to the direction of propayation, 
uy = 0, and the damping is caused only by the viscosity 7. In this case the damping coett 
cient is 8 = nw*/2pc:*. This applies also to the damping of torsional vibrations of rods. 


PROBLEM 3, Determine the damping coefficient for transverse vibrations of a rod (with 
frequencies such that w > y/h®, where h is the thickness of the rod). 


SoLution. The damping is due mainly to thermal conduction. According to §17, wo have 
for each volume element in the rod uz = «/R, uze = Uyy = —oaax/R (for bending in the 
xz-plane); for w > x/h*, the vibrations are adiabatic. For small deflections the radius of 
curvature R = 1/X”, so that uj; = (1—2¢,q)xX’’, the prime denoting differentiation with 
respect to z. ‘The temperature varies most rapidly across the rod, and so (grad ‘I')* 
&(@T/0x)*. Using (35.1) and (35.2), we obtain for the total mean energy dissipation in the 
rod —(«Ta*®Eyq2S/9C,*) J X’* dz, where S is the cross-sectional area of the rod. The mean 
total energy is twice the potential energy Egqly JX’? dz. The damping coefficient is 


B = «To? SE gq/18lyCy?. 


Prosiem 4. The same as Problem 3, but for transverse vibrations of a plate. 
SOLUTION. According to (11.4), we have for any volume element in the plate 


1—2oaq 0° 
“yi{Oo= - oS 
: 1 — Cad Ox? 


for bending in the xz-plane. The energy dissipation is found from formulae ( 35.1) and (5.?) 
and the mean totul energy is twice the expression (11.6). The damping coefficient is 


2xTo2Esa 1toaa 2xTep (3¢2—4e2)2e2 
—3C Ph lone) 3C ph (eR —e2)e2 


PROBLEM 5. Determine the change in the characteristic frequencies of transverse vibrations 
of a rod due to the fact that the vibrations are not adiabatic. The rod is in the form of n 
long plate of thickness h. The surface of the rod is supposed thermally insulated. 


SoLutTion. Let Tyq(x, 1) be the temperature distribution in the rod for adiabatic vibra 
tions, and T(x, t) the actual temperature distribution; x is a co-ordinate across the thicknesn 
of the rod, and the temperature variation in the yz-plane is neglected. Since, for T = Tia, 
there is no heat exchange between various parts of the body, it is clear that the thermal con. 
duction equation must be 


0 T_T 27 
an = ad) = X53 


Yor periodic vibrations of frequency w, the differences tag = Taa—T, 7 = T'—T'g from 
the equilibrium temperature 7’) are proportional to e~*?, and we have 7” +-iw7/y = iwryq/y, 
the prime denoting differentiation with respect to x. Since, by (35.2), taq is proportional 
to uz, and the components u,% are proportional to x (see §17), it follows that tgq == Ax, whete 
A is a constant which need not be calculated, since it does not appear in the final result. ‘Mhe 
solution of the equation 7’ -+-iw7/y = iwAx/x, with the boundary condition 7’. 0 fur 
x = +4h( the surface of the rod being insulated), is 


sin kw 
r=: Alx--- : 
kecosdtkh 


= 


(1 1 1) V/(en/2y). 


The tnoment Aly of the tatermal stress forces trod bent an thea plane is composed of 
the teotheroial part Aly ine Gee Che value for coothernial bene atid the part due to the 
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non-uniform heating of the rod. If My,,aq is the moment in adiabatic bending, the second 
part of the moment is reduced from My.a4-—My,iso in the ratio 


th th 
1+f(@) = i RT dz/| 2Taq dz. 
—th ~th 


Defining the YouNc’s modulus £,, for any frequency w as the coefficient of proportionality 
between My and I,/R (see (17.8)), and noticing that Egqg— = E*7o3/9C, (see (6.8); bon 
the isothermal Younc’s modulus), we can put 


E, = E+[1+f(o)]E27T22/9Cp. 


A calculation shows that f(#) = (24/R°h5)($kh —tan kkh). For @w > oo we obtain f — 1, 
which is correct, since Ej = E,gq, and for w > 0, f == Oand fy - Ee. 

The frequencies of the characteristic vibrations are proportional to Che aguare root of the 
Younc’s modulus (see §25, Problems 4-6). Hence 


: BT? 
O = Wo 1+ f(mo) de 
18C3, 
} 
where w, are the characteristic frequencies for adiabatic vilbrateonn. “Phin value of asin 


complex. Separating the real and imaginary parts («o ww” | rfl), we find thie chivrie ten tedae 
frequencies 
, ETo® 1 sinhé sing 
@' = ag| 1 — —— = 
3Cyp) 6s cosh E+ cos & 


and the damping coefficient 


B= 


where § = h+/(o/2 x). 

For large é the frequency w tends to  , as it should, and the damping cocthcient to 
2ET«?x/3C,h*, in accordance with the result of Problem 3. 

Small values of £ correspond to almost isothermal conditions ; in this case 


ace) MEIE 
18C, ~ 0 (E/ Vaal)s 


and the damping coefficient 8 = ET«2h?w,?/180C,x. 


2ETa2y [1 1 sinh €+sin é 
3C yh? € cosh + cos / 


w= o9(1 
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For typical fluids, the Navier-Stokes equations are valid if the pertods of 
the motion are large compared with times characterising the molecules. ‘Thin, 
however, is not true for very viscous fluids. In such fluids, the usual equations 
of fluid mechanics become invalid for much larger periods of the motion. 
There are viscous fluids which, during short intervals of time (though these 
are long compared with molecular times), behave as solids (for instance, 
glycerine and resin). Amorphous solids (for instance, glass) may be regarded 
as a limiting case of such fluids having a very large viscosity. 

The properties of these HMuids can be deseribed by the following: method, 
due to Maxwens.. They are clastically deformed during short intervals of time. 
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When the deformation ceases, shear stresses reniain im them, althouph these 
are damped in the course of time, so that after a suflicrently long (ime almost 
no internal stress remains in the fluid. Lets be of the order of the time dur Maye 
which the stresses are damped (sometimes called the Maxzellian relavation 
time). Let us suppose that the fluid is subjected to some variable external force, 
which vary periodically in time with frequency w. If the period J/iw ts larpe 
compared with the relaxation time 7, i.e. wr < 1, the fluid under consideration 
will behave as an ordinary viscous fluid. If, however, the frequency w is sulli 
ciently large (so that wr > 1), the fluid will behave as an amorphous solid. 

In accordance with these “intermediate” properties, the fluids in question 
can be characterised by both a viscosity coefficient 1 and a modulus of 
rigidity yz. It is easy to obtain a relation between the orders of magnitude of 
7, » and the relaxation time +. When periodic forces of sufficiently small 
frequency act, and so the fluid behaves like an ordinary fluid, the stress tensor 
is given by the usual expression for viscosity stresses in a fluid, i.e. 


Cik = 2nlix = — Ziwnuix. 


In the opposite limit of large frequencies, the fluid behaves like a solid, and 
the internal stresses must be given by the formulae of the theory of elasticity, 
1.€. oi = 2a; we are speaking of pure shear deformations, i.e. we assume 
that wig = oj = 0. For frequencies w ~ 1/7, the stresses given by these 
two expressions must be of the same order of magnitude. Thus nulrAr ~ pulAd, 
whence 

N~ Th. (3¢ , 1) 
This is the required relation. 

Finally, let us derive the equation of motion which qualitatively describes 
the behaviour of these fluids. To do so, we make a very simple assumption 
concerning the damping of the internal stresses (when motion ceases): 
namely, that they are damped exponentially, ice. doj,/dt = —ogz/7r. In a 
solid, however, we have oj; = 2uusx, and so dojz/dt = 2udujz/dt. It is easy 
to see that the equation 

dow, Ot dujx, 

dt ss T . dt 

gives the correct result in both limiting cases of slow and rapid motions, and 
may therefore serve as an interpolatory equation for intermediate cases. 

For example, in periodic motion, where uj, and oix depend on the time 


(36.2) 


through a factor e-i#!, we have from (36.2) —iwoixt opr = —-Qienpeny,, 
whence 
2puix see 
c% = ———. (30.3) 
1+2/@r 
For wr > 1, this formula gives oj = 2puiz, ic. the usual expression for 
solid bodies, while for wr <1 we have oi, > - Zieopetuyy ~ > Zprtiiz, the 


usual expression for a fluid of viscosity jer. 
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